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We investigate buoyancy-induced transitions in flow structure and the associated velocity
dip in turbulent mixed convection. Numerical simulations are performed for an open
Poiseuille–Rayleigh–Bénard system with a heated no-slip lower wall and a cooled free-slip
upper boundary over 105 ≤ 𝑅𝑎 ≤ 108, 90 ≤ 𝑅𝑒𝑏 ≤ 5700, 𝑃𝑟 = 0.71, and 0.013 ≤
𝑅𝑖𝑏 ≤ 17. The flow organisation is governed primarily by the bulk Richardson number
𝑅𝑖𝑏. As buoyancy increases, the flow changes from a shear-dominated state to streamwise-
oriented large-scale rolls and then to fragmented rolls. Roll formation coincides with a
reorganisation of the velocity statistics about the channel midplane and a displacement
of the maximum mean streamwise velocity from the upper boundary into the channel
interior, producing a velocity dip. The mean momentum balance shows that spatially
uniform streamwise forcing imposes a linear total-stress profile. Wherever the Reynolds
shear stress exceeds the local total stress, the viscous stress and mean velocity gradient
must be negative. A triple decomposition attributes most of the Reynolds-stress excess in
the roll states to slowly varying, roll-associated motions. The roll-associated stress and
dip strength vary non-monotonically with 𝑅𝑖𝑏. Quadrant analysis shows that ejections
and sweeps sustain the net roll-associated stress, whereas roll fragmentation strengthens
the cancellation between positive and negative contributions and weakens the dip. The
turbulent kinetic energy (TKE) budget shows a corresponding shift from near-wall shear
production to bulk buoyancy production, with shear production becoming negative above
the velocity maximum. Finally, a case-specific a posteriori simplification of the core-region
TKE budget yields an approximate velocity profile that captures the gradient reversal.
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1. Introduction
Mixed convection, driven by the combined action of shear and buoyancy, occurs widely
in geophysical and engineering settings (Caulfield 2021; Zhang 2024). In the atmospheric
boundary layer, for instance, solar heating generates unstable stratification, while pressure-
gradient-driven winds provide shear. Their interaction frequently organises the flow into
streamwise-oriented convective rolls, which are manifested visually as cloud streets (Stull
2012). Similarly, in indoor ventilation, mechanically driven flows interacting with thermal
plumes can produce thermally stratified regions (Yang et al. 2022). To study these shear–
buoyancy interactions, the Poiseuille–Rayleigh–Bénard (PRB) system serves as a canonical
model that superimposes a pressure-driven Poiseuille flow on Rayleigh–Bénard convection
(Pirozzoli et al. 2017; Blass et al. 2020, 2021; Xu et al. 2025). The system is governed by
the Rayleigh number 𝑅𝑎, which measures the strength of buoyancy relative to thermal and
viscous diffusion (Lohse & Shishkina 2024; Shishkina & Lohse 2024); the Prandtl number
𝑃𝑟, which specifies the thermophysical properties of the fluid; and a Reynolds number,
which characterises the imposed shear. Here, the shear strength can be specified by the
bulk Reynolds number 𝑅𝑒𝑏, and the relative importance of buoyancy to shear is quantified
by the bulk Richardson number 𝑅𝑖𝑏 = 𝑅𝑎/(𝑅𝑒2

𝑏
𝑃𝑟).

A feature of mixed convection is the emergence of large-scale coherent structures. As
buoyancy increases in the PRB system, the flow transitions from a forced-convection state
dominated by near-wall streaks to a mixed-convection regime characterised by streamwise-
oriented large-scale rolls. At sufficiently high buoyancy, these rolls eventually fragment
into a more chaotic and strongly buoyant state (Domaradzki & Metcalfe 1988; Pirozzoli
et al. 2017; Blass et al. 2020; Schäfer et al. 2022; Xu et al. 2024; Yerragolam et al.
2024). Analogous flow structure transitions occur in the atmospheric boundary layer,
where decreasing thermal stability shifts the dominant flow features from near-wall streaks
to large-scale horizontal rolls and ultimately to convective cells (Khanna & Brasseur 1998;
Weckwerth et al. 1999; Pino et al. 2003; Salesky et al. 2017; Salesky & Anderson 2018;
Stoll et al. 2020; Jayaraman & Brasseur 2021). The onset and specific morphology of these
large-scale motions depend on the balance between shear and buoyancy (Madhusudanan
et al. 2022), as well as on the ability of buoyancy to sustain domain-scale convection (Cossu
2022). Furthermore, surface heterogeneity can disrupt this roll organisation (Schäfer et al.
2022), while unstable stratification often introduces structures that break the near-wall
similarity between the temperature and velocity fields (Feng et al. 2024).

The formation of these coherent structures alters momentum and heat transport. In
the PRB system, in its Couette counterpart (the CRB system), and in related wall-
sheared thermal-convection systems, buoyancy-induced organisation alters Reynolds-stress
transport, reshapes mean velocity profiles and modifies global heat transfer (Stevens
et al. 2013; Scagliarini et al. 2014, 2015; Pirozzoli et al. 2017; Blass et al. 2020, 2021;
Yerragolam et al. 2024). Specifically, in the PRB system, buoyancy significantly modifies
the mean velocity profile, producing a downward shift and a departure from the classical
logarithmic law. Scagliarini et al. (2015) interpreted this shift as a buoyancy-induced drag
effect and proposed a modified wall law that accounts for the competition between shear
and buoyancy. For heat transport, Pirozzoli et al. (2017) developed empirical correlations
for the Nusselt number 𝑁𝑢 as a function of 𝑅𝑎 and 𝑅𝑒𝑏, building on earlier scaling
arguments (Scagliarini et al. 2014; Pirozzoli et al. 2016; Stevens et al. 2013). Similar
scaling behaviours have been observed in the CRB system, where shear is instead imposed
by oppositely moving walls (Blass et al. 2020, 2021; Yerragolam et al. 2024). However,
many geophysical and environmental flows, including atmospheric boundary layers, rivers
and lakes, are not confined between two no-slip boundaries. Consequently, the transport
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behaviour established in closed PRB and CRB systems does not directly determine how
buoyancy-induced large-scale organisation modifies momentum transport and the mean
flow when the upper no-slip constraint is absent.

Free-surface flows therefore provide a distinct mechanical setting. In canonical open
Poiseuille flow, the free-slip upper boundary removes the upper-wall viscous shear. The
mean streamwise velocity increases towards the free surface, while outer-layer mean and
turbulent statistics differ from those of a closed channel (Yao et al. 2022; Pirozzoli 2023).
Narrow open-channel flows which are laterally confined can nevertheless exhibit an interior
velocity maximum, commonly referred to as the velocity-dip phenomenon (Chaudhry
2022). It is primarily attributed to sidewall-induced secondary currents that redistribute
streamwise momentum and shift the maximum velocity below the free surface (Yang
et al. 2004, 2006). Open Rayleigh–Bénard convection likewise differs from its closed
counterpart. The lack of mechanical constraint at the surface can enhance overall heat
transfer (Wang et al. 2020b) and shift the bulk temperature towards the cooler boundary
(Hay & Papalexandris 2019; Huang et al. 2022a). When shear and buoyancy are combined
in an open mixed-convection system, these effects interact. Buoyancy-induced large-
scale motions can redistribute momentum, while the free-slip upper boundary removes
the upper-wall viscous constraint. At the same time, the spanwise-periodic geometry
excludes the sidewall-induced secondary currents that are responsible for the classical
open-channel velocity dip. Previous work includes that of Walker et al. (2014), who
studied an open mixed-convection system with surface cooling and an adiabatic lower
boundary. Although full-depth convective structures developed, the mean streamwise
velocity remained approximately uniform across the depth rather than exhibiting an interior
maximum. How the combined effects of shear and buoyancy modify flow organisation and
momentum transport remains insufficiently understood.

Here we investigate how buoyancy reorganises flow structure, momentum transport and
the mean velocity in an open mixed-convection channel. The configuration comprises a
heated no-slip lower wall and a cooled free-slip upper boundary. Unlike the configurations
studied previously (Walker et al. 2014; Pirozzoli et al. 2017; Blass et al. 2020; Jayaraman
& Brasseur 2021), the present open PRB system develops a velocity dip. We show that
the dip is associated with a buoyancy-induced modification of the Reynolds shear stress by
large-scale rolls under the linear total-stress constraint imposed by the uniform streamwise
forcing. The rest of this paper is organised as follows. In § 2, we describe the governing
equations, numerical methods and simulation parameters. In § 3, we characterise the
structural transition, link the velocity dip to roll-associated Reynolds stress, and develop a
case-specific a posteriori representation of the core profiles. Finally, in § 4, we summarise
the main findings of the present work.

2. Numerical methods
2.1. Simulation of mixed convection

We consider the dynamics of an incompressible fluid subject to simultaneous shear and
thermal forcing. Under the Boussinesq approximation, density variations are assumed to
be sufficiently small that temperature acts as an active scalar and couples to the momentum
equation only through the buoyancy term. The flow is also driven in the streamwise direction
by a spatially uniform body force 𝑓𝑏, which mimics an imposed mean pressure gradient.
To maintain a constant bulk flow rate, 𝑓𝑏 is adjusted dynamically at each time step. The
governing equations are therefore given by
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∇ · 𝒖 = 0, (2.1)

𝜕𝒖

𝜕𝑡
+ 𝒖 · ∇𝒖 = − 1

𝜌0
∇𝑃 + 𝜈∇2𝒖 + 𝑓𝑏 𝒙̂ + 𝑔𝛽 (𝑇 − 𝑇0) 𝒚̂, (2.2)

𝜕𝑇

𝜕𝑡
+ 𝒖 · ∇𝑇 = 𝛼∇2𝑇. (2.3)

Here, 𝒖 denotes the fluid velocity vector, 𝑃 is the pressure, and 𝑇 is the temperature.
The fluid properties are specified by the kinematic viscosity 𝜈, thermal diffusivity 𝛼, and
thermal expansion coefficient 𝛽. The reference density and temperature are denoted by
𝜌0 and 𝑇0, respectively. The reference temperature 𝑇0 is defined as the upper-boundary
temperature 𝑇top. The gravitational acceleration is 𝑔, and the unit vectors 𝒙̂ and 𝒚̂ are
aligned with the streamwise and wall-normal directions.

The system is non-dimensionalised using the channel height 𝐻, the constant bulk
velocity 𝑢𝑏, and temperature difference 𝛥𝑇 = 𝑇hot − 𝑇cold between the lower and upper
boundaries as the characteristic scales for length, velocity, and temperature, respectively.
The dimensionless variables, indicated by an asterisk, are defined as

𝒙∗ = 𝒙/𝐻, 𝑡∗ = 𝑡/(𝐻/𝑢𝑏), 𝒖∗ = 𝒖/𝑢𝑏,

𝑃∗ = 𝑃/(𝜌0𝑢
2
𝑏), 𝑇∗ = (𝑇 − 𝑇0)/𝛥𝑇 , 𝑓 ∗𝑏 = 𝑓𝑏/(𝑢2

𝑏/𝐻).
(2.4)

Substituting these relations into (2.1)–(2.3) yields the dimensionless governing equations

∇ · 𝒖∗ = 0, (2.5)

𝜕𝒖∗

𝜕𝑡∗
+ 𝒖∗ · ∇𝒖∗ = −∇𝑃∗ + 1

𝑅𝑒𝑏
∇2𝒖∗ + 𝑓 ∗𝑏 𝒙̂ + 𝑅𝑎

𝑅𝑒2
𝑏
𝑃𝑟

𝑇∗ 𝒚̂, (2.6)

𝜕𝑇∗

𝜕𝑡∗
+ 𝒖∗ · ∇𝑇∗ =

1
𝑅𝑒𝑏𝑃𝑟

∇2𝑇∗. (2.7)

This formulation introduces three dimensionless groups governing the flow: the bulk
Reynolds number 𝑅𝑒𝑏, the Rayleigh number 𝑅𝑎, and the Prandtl number 𝑃𝑟, defined
respectively as

𝑅𝑒𝑏 =
𝐻𝑢𝑏

𝜈
, 𝑅𝑎 =

𝑔𝛽𝛥𝑇𝐻
3

𝜈𝛼
, 𝑃𝑟 =

𝜈

𝛼
. (2.8)

The governing equations are solved numerically using the spectral element method
(Patera 1984), as implemented in the open-source solver Nek5000 (version v19.0). The
computational domain is partitioned into hexahedral elements, within which the velocity
and pressure fields are discretised using tensor-product polynomials of order 𝑁 = 8. This
approach yields an effective grid resolution proportional to the product of the number of
spectral elements and the polynomial degree, providing spatial fidelity comparable to that
of standard finite-difference schemes with a similar number of grid points (Kooij et al.
2018).

For the parameter survey, direct numerical simulation (DNS) is used for all cases except
the four cases at 𝑅𝑒𝑏 = 5700 (3× 105 ≤ 𝑅𝑎 ≤ 107) and the two high-𝑅𝑎 cases (𝑅𝑎,𝑅𝑒𝑏) =
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(107, 901) and (3×107, 1561), for which large-eddy simulation (LES) is employed to reduce
the computational cost. An additional LES at (𝑅𝑎,𝑅𝑒𝑏) = (108, 2850) is performed solely
for direct validation against the corresponding DNS in Appendix A. Thus, DNS provides
the reference dataset, while LES is used to extend the parameter survey to computationally
expensive cases. In the LES framework, subgrid-scale dissipation is provided by the explicit
stabilising filter built into Nek5000, following the method of Fischer & Mullen (2001). This
filter acts element-wise on the spectral representation of the solution as a low-pass filter on
the high Legendre modes. With the standard solver parameters (filtering = explicit,
filterModes = 2, and filterWeight = 0.05), the procedure filters the two highest
Legendre modes in each element. Specifically, the amplitude of the highest mode is reduced
by 5%, while the attenuation decreases smoothly to zero for successively lower modes.
The explicit filter is applied to both the velocity and temperature fields at the end of every
time step. It therefore acts cumulatively as a subgrid-scale dissipation mechanism at the
smallest resolved scales, rather than as a one-time post-processing operation. Because the
filtering is applied in local element coordinates, the corresponding physical filter length
varies with the local element size. In Appendix A, we assess the numerical implementation
by comparing the present DNS with benchmark data for turbulent mixed convection and
canonical open Poiseuille flow (Pirozzoli et al. 2017; Pirozzoli 2023; Yao et al. 2022).
We then compare DNS and LES results at 𝑅𝑎 = 108 and 𝑅𝑒𝑏 = 2850. The LES yields
𝑅𝑒𝜏 = 375.88, differing by 0.85% from the DNS value 379.09, whereas it predicts
𝑁𝑢 = 36.20, approximately 8.7% below the DNS value 39.66. The LES therefore captures
the mean-flow response and principal resolved statistics reasonably well, but underpredicts
the global heat transfer for the case 𝑅𝑎 = 108 and 𝑅𝑒𝑏 = 2850.

2.2. Simulation settings
We simulate the mixed-convection dynamics in a three-dimensional channel with dimen-
sions 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 = 12𝐻 × 𝐻 × 4𝐻, as illustrated in figure 1, where 𝑥, 𝑦, and 𝑧

denote the streamwise, wall-normal, and spanwise coordinates, respectively. This domain
provides sufficient spanwise extent to accommodate the large-scale organisation, consistent
with previous studies (Pirozzoli et al. 2017; Stevens et al. 2024). A detailed domain-
size sensitivity analysis, including the no-roll, streamwise-oriented-roll, and fragmented-
roll regimes, is provided in Appendix B. In the homogeneous streamwise and spanwise
directions, periodic boundary conditions are applied to both the velocity and temperature
fields. In the wall-normal direction, the lower boundary is no-slip. The upper boundary
is modelled as a flat, impermeable, isothermal, free-slip surface; surface deformation
is neglected. The corresponding mechanical conditions are 𝜕𝑢/𝜕𝑦 = 𝜕𝑤/𝜕𝑦 = 𝑣 = 0 at
𝑦 = 𝐻 (Hay & Papalexandris 2019). This condition implies an infinite slip length (Xia 2024)
and corresponds to a zero-shear-stress free surface without viscous resistance (Pirozzoli
2023). The computational grid is uniformly spaced in the horizontal directions. In the wall-
normal direction, an error-function mapping 𝜂(𝜉) = erf (𝑎𝜉/2)/erf (𝑎/2), with 𝜉 ∈ [−1, 1]
and 𝑎 = 3.2, is employed to cluster grid points towards the boundaries (Pirozzoli et al. 2017,
2014). This symmetric clustering ensures accurate resolution of both the near-wall viscous
sublayer and the thermal boundary layers. For temperature, the lower and upper boundaries
are maintained at constant values 𝑇bottom = 𝑇hot and 𝑇top = 𝑇cold, respectively, imposing
a fixed temperature difference 𝛥𝑇 = 𝑇bottom − 𝑇top. To initiate the flow, the velocity field
is prescribed as a laminar Poiseuille profile superimposed with streak-like perturbations
(Schoppa & Hussain 2000), while the initial temperature is set uniformly to the domain
average (𝑇bottom + 𝑇top)/2.
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Figure 1. Schematic of the open Poiseuille–Rayleigh–Bénard (PRB) channel. The bottom wall is no-slip and
maintained at a constant hot temperature 𝑇bottom = 𝑇hot, while the top boundary is free-slip and maintained at a
constant cold temperature 𝑇top = 𝑇cold.

The simulations cover Rayleigh numbers in the range 105 ≤ 𝑅𝑎 ≤ 108 and bulk Reynolds
numbers in the range 90 ≤ 𝑅𝑒𝑏 ≤ 5700. The Prandtl number is fixed at 𝑃𝑟 = 0.71,
representative of air. The relative influence of buoyancy and shear is quantified by the bulk
Richardson number 𝑅𝑖𝑏 = 𝑅𝑎/(𝑅𝑒2

𝑏
𝑃𝑟), which varies from 0.013 to 17. The complete

set of simulation parameters is summarised in table 1. For each case, we also report the
friction Reynolds number 𝑅𝑒𝜏 , the Nusselt number 𝑁𝑢, and the averaging interval used to
compute the statistics. The friction Reynolds number is evaluated as 𝑅𝑒𝜏 = 𝐻𝑢𝜏/𝜈 (Yao
et al. 2022; Pirozzoli 2023), where the friction velocity 𝑢𝜏 =

√︁
𝜏𝑤/𝜌0 is based on the

wall shear stress 𝜏𝑤 = 𝜌0𝜈 d𝑢/d𝑦 at the bottom wall. The corresponding heat transport is
measured by the Nusselt number, computed as 𝑁𝑢 =

√︁
𝑅𝑎𝑃𝑟/𝑅𝑖𝑏 ⟨𝑣∗𝑇∗⟩𝑉,𝑡 + 1, where

the brackets ⟨·⟩𝑉,𝑡 denote averaging over the computational volume and time.
To ensure sufficient spatial and temporal resolution, we perform a detailed a posteriori

verification based on the grid spacings expressed in viscous units using 𝛿𝜈 = 𝜈/𝑢𝜏 (denoted
by the superscript +) and the number of points within the thermal boundary layers. For
the DNS cases, the maximum wall-normal grid spacing (𝛥g)max is compared with the
Kolmogorov and Batchelor length scales, and the maximum adaptive time step (𝛥𝑡 )max
with the Kolmogorov time scale. In Nek5000, the computational domain is partitioned
into spectral elements, within which the solution is represented by Lagrange polynomials
of order 𝑁 at the Gauss–Lobatto–Legendre (GLL) collocation points. Consequently,
the grid dimensions reported in table 1 denote the effective grid size, equivalent to
the total number of GLL points in each direction. All resolution metrics are evaluated
using the physical spacing between these GLL points. Specifically, the wall-normal
resolution, including (𝛥𝑦+)min and the DNS dissipation-scale checks, is computed from
the local spacing between adjacent GLL points. The horizontal resolutions 𝛥𝑥+ and
𝛥𝑧+ are evaluated using the mean GLL spacing, accounting for the non-uniform point
distribution within each element. For the DNS cases, global dissipation-scale estimates
are defined using the volume- and time-averaged turbulent kinetic energy dissipation rate
⟨𝜀𝑢⟩𝑉,𝑡 = 𝜈⟨(𝜕 𝑗𝑢′𝑖)2⟩𝑉,𝑡 , where 𝑢′

𝑖
denotes the velocity fluctuation. The Kolmogorov

length and time scales are then estimated as 𝜂𝐾 = (𝜈3/⟨𝜀𝑢⟩𝑉,𝑡 )1/4 and 𝜏𝜂 =
√︁
𝜈/⟨𝜀𝑢⟩𝑉,𝑡 ,

respectively, while the Batchelor length scale is 𝜂𝐵 = 𝜂𝐾𝑃𝑟
−1/2 (Silano et al. 2010). Note

that the criteria based on the Kolmogorov and Batchelor length scales and the Kolmogorov
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𝑅𝑎 𝑅𝑒𝑏 𝑅𝑖𝑏 𝑅𝑒𝜏 𝑁𝑢 𝐸𝑇𝑇 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 Method
1 × 105 90 1.7 × 101 26.10 5.17 43.12 200 × 128 × 104 DNS
1 × 105 520 5.2 × 10−1 65.44 4.53 111.44 200 × 128 × 104 DNS
1 × 105 2850 1.7 × 10−2 187.80 5.22 499.42 200 × 128 × 104 DNS
3 × 105 156 1.7 × 101 38.21 6.99 44.82 200 × 128 × 104 DNS
3 × 105 901 5.2 × 10−1 96.53 6.01 100.70 200 × 128 × 104 DNS
3 × 105 2850 5.2 × 10−2 194.94 6.29 301.40 200 × 128 × 104 DNS
3 × 105 5700 1.3 × 10−2 338.44 8.31 357.25 168 × 128 × 88 LES
1 × 106 285 1.7 × 101 59.68 9.78 30.16 200 × 128 × 104 DNS
1 × 106 901 1.7 × 100 110.92 8.80 97.99 200 × 128 × 104 DNS
1 × 106 2850 1.7 × 10−1 201.90 8.33 209.44 200 × 128 × 104 DNS
1 × 106 5700 4.3 × 10−2 351.85 9.99 208.30 168 × 128 × 88 LES
3 × 106 494 1.7 × 101 90.50 13.34 31.20 264 × 160 × 144 DNS
3 × 106 901 5.2 × 100 126.28 12.80 55.76 264 × 160 × 144 DNS
3 × 106 2850 5.2 × 10−1 232.72 11.59 175.36 264 × 160 × 144 DNS
3 × 106 5700 1.3 × 10−1 362.51 12.41 131.95 200 × 160 × 104 LES
1 × 107 901 1.7 × 101 148.53 18.86 29.20 168 × 192 × 88 LES
1 × 107 2850 1.7 × 100 276.65 17.37 126.55 312 × 192 × 168 DNS
1 × 107 5700 4.3 × 10−1 401.01 16.73 83.69 232 × 192 × 128 LES
3 × 107 1561 1.7 × 101 230.73 25.83 24.29 168 × 232 × 88 LES
3 × 107 2850 5.2 × 100 319.64 25.71 43.39 360 × 232 × 192 DNS
1 × 108 2850 1.7 × 101 379.09 39.66 34.39 408 × 256 × 216 DNS
1 × 108 2850 1.7 × 101 375.88 36.20 29.58 168 × 256 × 88 LES

Table 1. Flow parameters for DNS and LES of mixed convection in the open PRB channel. The columns from
left to right indicate the Rayleigh number 𝑅𝑎, the bulk Reynolds number 𝑅𝑒𝑏 , the bulk Richardson number
𝑅𝑖𝑏 , the friction Reynolds number 𝑅𝑒𝜏 at the bottom wall, the Nusselt number 𝑁𝑢, the statistical averaging
interval expressed in units of the eddy-turnover time (𝐸𝑇𝑇) 𝐻/𝑢𝜏 , the effective grid size 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 , and
the simulation method.

time scale are applied only to the DNS cases. For LES, the stored resolved fields do not
include the dissipation introduced by the explicit modal filter, and the LES resolution
is assessed instead using the wall-unit spacings, the number of points within the thermal
boundary layers, the filter parameters, and the a posteriori DNS–LES comparison presented
in Appendix A.

As summarised in table 2, the near-wall grid spacings for the DNS cases satisfy

𝛥𝑥+ ≤ 13, 𝛥𝑧+ ≤ 8, (𝛥𝑦+)min ≤ 0.12, (2.9)
whereas those for the LES cases satisfy

𝛥𝑥+ ≤ 27, 𝛥𝑧+ ≤ 17, (𝛥𝑦+)min ≤ 0.22. (2.10)
These spatial resolutions are sufficient to capture the near-wall structures characteristic of
shear-dominated turbulence (Bernardini et al. 2014). Furthermore, the number of points
within each thermal boundary layer exceeds the minimum recommended by Shishkina et al.
(2010) for purely thermal convection. For the DNS cases, (𝛥g)max remains below three
times the globally estimated Kolmogorov and Batchelor scales, and (𝛥𝑡 )max is substantially
smaller than the Kolmogorov time scale. These checks show that the DNS satisfies the
adopted wall-unit and global dissipation-scale checks for both shear- and buoyancy-driven
turbulence. For the LES cases, the wall-unit spacings, together with the mild explicit
filtering, provide adequate resolution of the large and intermediate energy-containing
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𝑅𝑎 𝑅𝑒𝑏 𝛥𝑥+ (𝛥𝑦+)min 𝛥𝑧+ 𝑁
top
𝑡ℎ

𝑁bottom
𝑡ℎ

(𝛥𝑔)max/𝜂𝐾 (𝛥𝑔)max/𝜂𝐵 (𝛥𝑡 )max/𝜏𝜂 Method
1 × 105 90 1.56 0.02 1.00 26 32 0.61 0.52 0.0068 DNS
1 × 105 520 3.93 0.04 2.52 27 35 0.68 0.57 0.0065 DNS
1 × 105 2850 11.27 0.12 7.22 27 31 1.35 1.14 0.0069 DNS
3 × 105 156 2.29 0.02 1.47 21 28 0.88 0.74 0.0069 DNS
3 × 105 901 5.79 0.06 3.71 21 30 0.96 0.81 0.0073 DNS
3 × 105 2850 11.70 0.12 7.50 22 29 1.39 1.17 0.0070 DNS
3 × 105 5700 24.17 0.21 15.38 21 24 – – – LES
1 × 106 285 3.58 0.04 2.30 19 22 1.30 1.10 0.0074 DNS
1 × 106 901 6.66 0.07 4.27 19 26 1.32 1.12 0.0077 DNS
1 × 106 2850 12.11 0.12 7.77 18 27 1.58 1.33 0.0073 DNS
1 × 106 5700 25.13 0.22 15.99 19 22 – – – LES
3 × 106 494 4.11 0.04 2.51 19 24 1.50 1.27 0.0065 DNS
3 × 106 901 5.74 0.06 3.51 19 26 1.50 1.27 0.0064 DNS
3 × 106 2850 10.58 0.11 6.46 19 28 1.61 1.36 0.0064 DNS
3 × 106 5700 21.80 0.17 13.97 19 27 – – – LES
1 × 107 901 10.59 0.05 6.74 18 23 – – – LES
1 × 107 2850 10.64 0.10 6.59 18 27 1.89 1.59 0.0054 DNS
1 × 107 5700 20.76 0.15 12.54 18 27 – – – LES
3 × 107 1561 16.51 0.07 10.51 18 23 – – – LES
3 × 107 2850 10.64 0.09 6.65 18 24 2.22 1.87 0.0049 DNS
1 × 108 2850 11.20 0.10 7.05 14 20 2.98 2.51 0.0045 DNS
1 × 108 2850 26.72 0.10 17.00 15 20 – – – LES

Table 2. A posteriori verification of the spatial and temporal resolutions used in the simulations. The columns
from left to right indicate the Rayleigh number 𝑅𝑎, the bulk Reynolds number 𝑅𝑒𝑏 , the grid spacing in wall
units in the streamwise direction 𝛥𝑥+, the minimum wall-normal spacing (𝛥𝑦+)min, the grid spacing in wall
units in the spanwise direction 𝛥𝑧+, the number of grid points within the top thermal boundary layer 𝑁

top
𝑡ℎ

,
the number of grid points within the bottom thermal boundary layer 𝑁bottom

𝑡ℎ
, the maximum wall-normal grid

spacing normalised by the Kolmogorov length (𝛥𝑔)max/𝜂𝐾 , the maximum wall-normal grid spacing normalised
by the Batchelor length (𝛥𝑔)max/𝜂𝐵, the maximum adaptive time step normalised by the Kolmogorov time
scale (𝛥𝑡 )max/𝜏𝜂 , and the simulation method. Note that the three dissipation-scale quantities are reported only
for DNS, whereas these quantities are unavailable for LES because dissipation removed by the explicit modal
filter is not contained in the stored resolved fields.

scales. In addition, statistical convergence is verified for all simulations by ensuring that
the time series of the Nusselt number 𝑁𝑢 and the Reynolds number based on the root-
mean-square (r.m.s.) velocity 𝑅𝑒r.m.s. =

√︁
⟨|𝒖 |2⟩𝑉 𝐻/𝜈 reach a statistically steady state

before averaging.

3. Results and discussion
3.1. General features of flow organisation

To characterise the structural transition from shear-dominated to buoyancy-influenced
states, figures 2 and 3 show instantaneous volume renderings of the temperature and
streamwise-velocity fields over a range of bulk Richardson numbers; the corresponding
animations are provided as supplementary movies 1 and 2. Under weak buoyancy,
specifically 𝑅𝑖𝑏 = 0.017 (see figures 2a and 3a), the flow remains shear-dominated. The
temperature and streamwise-velocity fields exhibit canonical near-wall streaky structures
(Cui et al. 2025), with no coherent large-scale roll organisation, closely resembling
the passive-scalar reference case (see figure S1 in Supplementary Materials). As the
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buoyancy forcing increases to 𝑅𝑖𝑏 = 0.17, 1.7, and 17 (see figures 2b–d and 3b–d),
large-scale coherent structures emerge and progressively reorganise the flow. Similar
structural transitions have been well documented in other mixed-convection systems. In
closed configurations, such as PRB and CRB systems, increasing buoyancy drives the flow
from forced-convection streaks to streamwise-oriented large-scale rolls, which eventually
break down into fragmented structures in the strongly buoyant regime (Pirozzoli et al.
2017; Blass et al. 2020; Schäfer et al. 2022; Xu et al. 2024; Yerragolam et al. 2024).
Analogous behaviour occurs in the atmospheric boundary layer: as thermal stability
decreases from neutral to convective conditions, the dominant structures evolve from
near-surface low-speed streaks to large-scale horizontal rolls, and ultimately to Rayleigh–
Bénard-like convective cells (Khanna & Brasseur 1998; Weckwerth et al. 1999; Pino et al.
2003; Salesky et al. 2017; Salesky & Anderson 2018; Stoll et al. 2020). In all these systems,
buoyancy-induced large-scale coherent structures possess sufficient kinetic energy to span
the full domain height. In the pure-buoyancy limit, such large-scale vortical structures are
expected to persist with either a free-slip or no-slip upper boundary (Hay & Papalexandris
2020; Huang et al. 2022b; Niemela et al. 2001; Brown et al. 2005; Ouyang et al. 2025; Ding
et al. 2024; Wang et al. 2020a), indicating that buoyancy-dominated vortical organisation
is robust across these mechanical boundary conditions.

(a) (b)

(c) (d)

0.1 0.3 0.5 0.7 0.9
( )0T T T− 

0.1 0.3 0.5 0.7 0.9
( )0T T T− 

0.1 0.3 0.5 0.7 0.9
( )0T T T− 

0.1 0.3 0.5 0.7 0.9
( )0T T T− 

Figure 2. Instantaneous volume renderings of the temperature field at a fixed bulk Reynolds number 𝑅𝑒𝑏 = 2850.
(a) 𝑅𝑖𝑏 = 0.017, (b) 𝑅𝑖𝑏 = 0.17, (c) 𝑅𝑖𝑏 = 1.7, and (d) 𝑅𝑖𝑏 = 17. The corresponding Rayleigh numbers
are 105, 106, 107, and 108, respectively. Colour denotes the normalised temperature (𝑇 − 𝑇0)/𝛥𝑇 . Opacity
increases monotonically with temperature to emphasise hot buoyant structures, while cooler regions are rendered
transparent.

To characterise the energetic spatial organisation, we apply proper orthogonal decom-
position (POD) to each simulated case. POD provides an orthogonal and energy-ranked
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Figure 3. Instantaneous volume renderings of the streamwise velocity field at a fixed bulk Reynolds number
𝑅𝑒𝑏 = 2850. (a) 𝑅𝑖𝑏 = 0.017, (b) 𝑅𝑖𝑏 = 0.17, (c) 𝑅𝑖𝑏 = 1.7, and (d) 𝑅𝑖𝑏 = 17. The corresponding Rayleigh
numbers are 105, 106, 107, and 108, respectively. Colour denotes the normalised streamwise velocity 𝑢/𝑢𝑏 .
Opacity decreases monotonically with streamwise velocity to emphasise low-speed structures, while high-speed
regions are rendered transparent.

representation of the snapshot ensemble (Castillo-Castellanos et al. 2019; Soucasse et al.
2019). The modes are computed from 200 uniformly sampled snapshots over a window of
10𝑡 𝑓 , where 𝑡 𝑓 = 𝐻/𝑢 𝑓 and 𝑢 𝑓 =

√︁
𝑔𝛽𝛥𝑇𝐻. This duration captures the dominant structures

while limiting smearing caused by slow lateral drift. The formulation of the POD analysis
is documented in Supplementary Materials. Figure 4 shows the leading POD mode as 𝑅𝑖𝑏
increases at 𝑅𝑒𝑏 = 2850. In the weak-buoyancy case 𝑅𝑖𝑏 = 0.017 (see figure 4a), the
leading mode contains several narrowly spaced streamwise-elongated regions rather than
a domain-scale convective roll. At 𝑅𝑖𝑏 = 0.17 and 1.7 (see figures 4b,c), the leading mode
is reorganised into streamwise-oriented rolls spanning the channel height. At 𝑅𝑖𝑏 = 17
(figure 4d), this spatial organisation becomes strongly distorted and fragmented.

The corresponding modal-energy fractions 𝜆𝑖/
∑
𝑖 𝜆𝑖 are shown in figure 5. The leading

mode contains a large energy fraction in the weak-buoyancy case, despite the absence of a
domain-scale convective roll. Therefore, an energetic first mode does not by itself identify
a roll state. For the two streamwise-oriented-roll cases, the first mode contains more than
90% of the modal energy, while its contribution decreases to approximately 67% in the
strongly fragmented case and the higher-order contributions increase. This redistribution
indicates that the fragmented state is less dominated by a single energetic mode.

To determine the dominant horizontal length scales of the large-scale organisation, we
use the one-dimensional energy spectra of the wall-normal velocity fluctuation 𝑣′. At a
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Figure 4. Wall-normal component of the leading POD mode at 𝑅𝑒𝑏 = 2850 for (a) 𝑅𝑖𝑏 = 0.017, (b) 𝑅𝑖𝑏 = 0.17,
(c) 𝑅𝑖𝑏 = 1.7, and (d) 𝑅𝑖𝑏 = 17. The corresponding Rayleigh numbers are 105, 106, 107, and 108, respectively.
Orange and blue isosurfaces denote positive and negative wall-normal velocity components.
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Figure 5. Fraction of total velocity-fluctuation energy contained in each POD mode at 𝑅𝑒𝑏 = 2850: (a)
𝑅𝑖𝑏 = 0.017, (b) 𝑅𝑖𝑏 = 0.17, (c) 𝑅𝑖𝑏 = 1.7, and (d) 𝑅𝑖𝑏 = 17.

given wall-normal height 𝑦, the streamwise and spanwise spectra are derived from the
Fourier representation of 𝑣′ and are given by

𝐸 𝑥𝑣𝑣 (𝑘𝑥 , 𝑦) = ⟨̂𝑣 𝑥 (𝑘𝑥 , 𝑦, 𝑧, 𝑡)conj[𝑣̂ 𝑥 (𝑘𝑥 , 𝑦, 𝑧, 𝑡)]⟩𝑧,𝑡 , (3.1)
and

𝐸 𝑧𝑣𝑣 (𝑘𝑧 , 𝑦) = ⟨̂𝑣 𝑧 (𝑥, 𝑦, 𝑘𝑧 , 𝑡)conj[𝑣̂ 𝑧 (𝑥, 𝑦, 𝑘𝑧 , 𝑡)]⟩𝑥,𝑡 , (3.2)
where 𝑣̂ 𝑥 and 𝑣̂ 𝑧 denote the Fourier transforms of 𝑣′ in the 𝑥 and 𝑧 directions, respectively,
and 𝑘𝑥 and 𝑘𝑧 are the corresponding wavenumbers. The corresponding wavelengths are
𝜆𝑥 = 2𝜋/𝑘𝑥 and 𝜆𝑧 = 2𝜋/𝑘𝑧 .

The premultiplied energy spectra in figure 6 quantify the structural transition. In the
streamwise direction, at 𝑅𝑖𝑏 = 0.017 (see figure 6a), the streamwise energy is concentrated
at relatively small outer wavelengths and the associated maximum occurs at 𝜆𝑥/𝐻 ≈ 1 and
𝑦/𝐻 ≈ 0.3. At 𝑅𝑖𝑏 = 0.17 (see figure 6c), a finite-wavelength feature is visible near𝜆𝑥/𝐻 ≈
1 and 𝑦/𝐻 ≈ 0.75. This feature represents finite-wavelength outer-layer fluctuations, rather
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Figure 6. Premultiplied spectra of the wall-normal velocity fluctuation 𝑣′ in (a,c,e,g) the streamwise direction
𝑘𝑥𝐸

𝑥
𝑣𝑣 , and (b,d,f,h) the spanwise direction 𝑘𝑧𝐸

𝑧
𝑣𝑣 at (a,b) 𝑅𝑖𝑏 = 0.017, (c,d) 𝑅𝑖𝑏 = 0.17, (e,f ) 𝑅𝑖𝑏 = 1.7, and

(g,h) 𝑅𝑖𝑏 = 17, with 𝑅𝑒𝑏 = 2850. The corresponding Rayleigh numbers are 105, 106, 107, and 108, respectively.
The wavelength coordinates are logarithmic, and each premultiplied spectrum is normalised by its maximum
value.

than the large-scale streamwise-oriented rolls. The dominant roll contribution can appear
in the streamwise-uniform component (𝑘𝑥 = 0 or 𝜆𝑥 = ∞), a behaviour previously
documented for large-scale motions in open-channel flows (Yao et al. 2022; Bauer et al.
2023). However, at 𝑅𝑖𝑏 = 1.7 (see figure 6e), a pronounced peak emerges at 𝜆𝑥 ≈ 12𝐻,
establishing a dominant streamwise length scale for the rolls. At the same time, a secondary
feature appears at 𝜆𝑥 ≈ 4𝐻, confirming the initial stages of roll fragmentation. As the flow
becomes buoyancy-dominated at 𝑅𝑖𝑏 = 17 (see figure 6g), the dominant finite streamwise
wavelength decreases to approximately 6𝐻, consistent with a fragmented state. In the
spanwise direction, the dominant wavelength changes from 𝜆𝑧 ≈ 0.6𝐻 in the weak-
buoyancy case (see figure 6b) to the domain-scale value 𝜆𝑧 ≈ 4𝐻 for 𝑅𝑖𝑏 = 0.17 and
1.7 (see figures 6d,f ). It then decreases to approximately 2𝐻 at 𝑅𝑖𝑏 = 17 (see figure 6h),
indicating spanwise fragmentation. The corresponding two-point correlations (Pinelli et al.
2022) provide a physical consistency check on the premultiplied energy spectra and are
shown in Supplementary Materials. Their negative peaks, which denote the separation
between updraft and downdraft, occur at approximately half the spectral wavelengths, as
expected from the Fourier relation.

To classify the flow regime, we mainly use the dominant streamwise and spanwise
wavelengths obtained from local peaks in the premultiplied spectral maps in (𝜆, 𝑦) space
within 0.2 ≤ 𝑦/𝐻 ≤ 0.8. A case is considered to exhibit a large-scale roll signature when
𝜆max
𝑧 > 𝐻 and is classified as a no-roll state when 𝜆max

𝑧 ≲ 𝐻. The classification between
the streamwise-oriented-roll state and the fragmented-roll state is based on fragmentation
in the streamwise or spanwise direction. A dominant 𝜆max

𝑥 ≈ 12𝐻 indicates that the
roll is unfragmented streamwise, whereas 𝜆max

𝑧 ≈ 4𝐻 indicates that it is unfragmented
spanwise. Streamwise-roll states must satisfy both criteria; cases fragmented in either or
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Figure 7. Flow-regime classification in the 𝑅𝑎–𝑅𝑒𝑏 plane. Squares, circles, and triangles denote no-roll,
streamwise-oriented-roll, and fragmented-roll states, respectively, while colour indicates the bulk Richardson
number 𝑅𝑖𝑏 . The black dashed line denotes 𝑅𝑖𝑏 = 0.1, an empirical indicator for the onset of large-scale roll
organisation in the present dataset. The grey dash-dotted line denotes the closed-channel stability estimate
𝑅𝑎𝑐 ≈ 0.04(2𝑅𝑒𝑏)1.8 of Cossu (2022) and is shown only for comparison.

both directions are classified as fragmented-roll states. Special cases (see figure 6c,d) with
an unfragmented spanwise structure but a dominant streamwise wavelength 𝜆max

𝑥 < 12𝐻
are additionally checked using the POD modes. This is because an almost streamwise-
uniform roll can project onto the 𝑘𝑥 = 0 (𝜆𝑥 = ∞) component, which is suppressed in
a premultiplied spectrum because 𝑘𝑥𝐸

𝑥
𝑣𝑣 vanishes at 𝑘𝑥 = 0. The finite-𝜆𝑥 peak alone

therefore cannot distinguish whether the signal arises from outer-layer fluctuations or from
a streamwise-fragmented roll, since both have a finite-𝜆𝑥 wavelength smaller than 12𝐻.
The POD modes then provide additional information on streamwise continuity to identify
the roll state. The complete set of dominant spectral wavelengths and regime classifications
is reported in table S1, and figure S2 shows the POD-mode check for the five special cases;
both are provided in the supplementary material.

Figure 7 summarises the resulting flow structure classification in the 𝑅𝑎–𝑅𝑒𝑏 plane.
The black dashed line at 𝑅𝑖𝑏 = 0.1 is an empirical indicator for the onset of large-
scale roll organisation in the present dataset. For 𝑅𝑖𝑏 < 0.1, the simulated cases contain
no domain-scale rolls; for 𝑅𝑖𝑏 > 0.1, either streamwise-oriented or fragmented rolls
occur. The grey dash-dotted line shows the closed-channel linear-stability onset estimate
𝑅𝑎𝑐 ≈ 0.04(2𝑅𝑒𝑏)1.8 of Cossu (2022), after accounting for the difference in the definition
of 𝑅𝑒𝑏. Because it was derived for a closed PRB system, this estimate deviates from the
onset boundary for the open PRB system. The discrepancy suggests that the onset also
depends on the mechanical and thermal boundary conditions, an issue that deserves further
theoretical analysis.

For comparison with studies of the atmospheric boundary layer and other wall-sheared
convective flows, we express the stability in terms of the Monin–Obukhov length. In
atmospheric studies, thermal stability is routinely quantified by the dimensionless param-
eter 𝑧𝑖/|𝐿𝑀𝑂 |, where 𝑧𝑖 is the boundary-layer depth and 𝐿𝑀𝑂 = −𝑢3

𝜏/(𝜅𝛽𝑔 𝑄) is the
Monin–Obukhov length (Kader & Yaglom 1990), where 𝑄 is the vertical heat flux in
the atmospheric boundary layer. The transition reported in atmospheric studies occurs
over a range of stability conditions. Jayaraman & Brasseur (2021) reported the onset of
convective organisation near −𝑧𝑖/𝐿𝑀𝑂 = 0.433 and the strongest roll coherence near 1.08,
whereas Salesky et al. (2017) found substantial evolution toward cellular organisation up
to −𝑧𝑖/𝐿𝑀𝑂 = 𝑂 (20). Because the open-channel idealisation lacks an evolving capping
inversion or entrainment zone, its height 𝐻 is fixed rather than evolving like 𝑧𝑖 , and its
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Figure 8. Comparison of the outer stability measure with the regime criteria of Blass et al. (2020). (a) 𝐻/|𝐿𝑀𝑂 |
for the no-roll and streamwise-oriented-roll cases as a function of 𝑅𝑖𝑏; the dashed line 𝐻/|𝐿𝑀𝑂 | = 0.8 denotes
the converted shear-dominated/transitional estimate. (b) 𝐻/|𝐿𝑀𝑂 | for the streamwise-oriented- and fragmented-
roll cases plotted against 𝜅𝐻/𝜆𝜃 , where 𝜆𝜃 = 𝐻/(2𝑁𝑢); the dashed line denotes equality of the two measures.
Green symbols denote DNS cases and yellow symbols denote LES cases.

momentum- and heat-flux profiles are also constrained differently. We therefore define
the analogous outer stability measure 𝐻/|𝐿𝑀𝑂 | only for qualitative comparison. Direct
comparisons of the Monin–Obukhov length across studies require care, because definitions
often differ by constant factors and sign conventions. For instance, Pirozzoli et al. (2017)
and Blass et al. (2020) use a bulk convective-flux-based and 𝜅-independent definition,
𝐿̃𝑀𝑂 = 𝑢3

𝜏/(𝛽𝑔 𝑄), where 𝑄 = ⟨𝑣′𝑇 ′⟩𝑉,𝑡 in their definition. For the present unstably
stratified system, this length relates to the standard definition through |𝐿𝑀𝑂 | = 𝐿̃𝑀𝑂/𝜅.
Applying this conversion, the shear-dominated criterion 𝐿̃𝑀𝑂 ≳ 0.5𝐻 proposed by Blass
et al. (2020) corresponds to 𝐻/|𝐿𝑀𝑂 | ≲ 0.8 for 𝜅 = 0.4. The lower end of the streamwise-
oriented-roll cases, 𝐻/|𝐿𝑀𝑂 | ≈ 0.57, is comparable to this onset estimate (see figure 8a).
For the stronger-instability transition, Blass et al. (2020) compared the Monin–Obukhov
length with the thermal-boundary-layer nominal thickness 𝜆𝜃 = 𝐻/(2𝑁𝑢). In the present
notation, this comparison is 𝐻/|𝐿𝑀𝑂 | = 𝜅𝐻/𝜆𝜃 (see figure 8b). Most fragmented cases
lie near or above this line and streamwise-oriented-roll cases also satisfy it. Indeed, the
streamwise-oriented-roll cases occupy 0.57 ≲ 𝐻/|𝐿𝑀𝑂 | ≲ 6.16, while the fragmented
cases span approximately 1.00–55.77. The overlap confirms that neither 𝑅𝑖𝑏 nor 𝐻/|𝐿𝑀𝑂 |
alone defines a unique fragmentation threshold. This remaining dependence is expected
because 𝐻/|𝐿𝑀𝑂 | = 𝜅𝑅𝑎 (𝑁𝑢 − 1)/(𝑃𝑟2𝑅𝑒3

𝜏), so cases with comparable 𝑅𝑖𝑏 can have
different heat fluxes and friction Reynolds numbers. The atmospheric values above are
therefore used only to compare the qualitative sequence from streaks to streamwise-
oriented rolls and fragmented convective structures, not as transferable thresholds for
the fixed-height open channel.

3.2. Emergence of the velocity dip and midplane-centred statistical reorganisation
Figure 9(a) displays the mean streamwise-velocity profiles for the open PRB system.
Under weak buoyancy (𝑅𝑖𝑏 < 0.1), the mean velocity increases monotonically towards
the free-slip upper boundary, mirroring canonical open Poiseuille flow. However, once
𝑅𝑖𝑏 exceeds approximately 0.1 and large-scale coherent structures become established,
this monotonicity breaks down. The maximum mean velocity shifts below the free-slip
boundary, creating a pronounced velocity-dip profile (Chaudhry 2022). Although similar
buoyancy-induced downward shifts in the velocity profile have been reported in closed PRB
systems, no velocity dip was reported by Scagliarini et al. (2015) or Pirozzoli et al. (2017).
On the other hand, velocity-dip profiles are also observed in narrow isothermal open-
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channel flows, where sidewall-generated secondary motions drive high-momentum fluid
away from the surface and reduce the centreline velocity; thus, the spatial redistribution
of Reynolds stress dictates the shape of the mean profile (Yang et al. 2004, 2006). A
meteorological example of a similarly non-monotonic profile is the low-level jet (LLJ),
which features a nose-shaped vertical wind profile driven by mechanisms such as inertial
oscillations, baroclinicity, and terrain effects (Stensrud 1996). The different physical origins
of these phenomena also show that a similar profile shape does not imply a common
momentum-transport mechanism.

The structural transition is also evident in the velocity-fluctuation profiles shown
in figures 9(b–d). For 𝑅𝑖𝑏 < 0.1, the r.m.s. velocity fluctuations in the core region
(0.2 ≤ 𝑦/𝐻 ≤ 0.8) decay monotonically with height, confirming that the fluctuations
are dominated by bottom-wall shear. Conversely, for 𝑅𝑖𝑏 > 0.1, the fluctuation profiles
exhibit a distinct wall-normal redistribution. Specifically, 𝑢′r.m.s. and 𝑤′

r.m.s. both exhibit
minima near the channel midplane before increasing again towards the upper boundary,
whereas 𝑣′r.m.s. exhibits an approximately parabolic profile that is nearly symmetric about
the midplane. These trends show that large-scale roll formation is accompanied by a
structural and statistical reorganisation around the channel midplane, and the midplane
therefore emerges as a characteristic reference location for the roll-associated velocity
statistics.
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Figure 9. Mean streamwise velocity and r.m.s. velocity fluctuations along the wall-normal direction at 𝑅𝑒𝑏 =

2850. (a) Mean streamwise velocity 𝑢̄/𝑢𝑏 , (b) streamwise velocity fluctuation 𝑢′r.m.s./𝑢𝜏 , (c) wall-normal
velocity fluctuation 𝑣′r.m.s./𝑢𝜏 , and (d) spanwise velocity fluctuation 𝑤′

r.m.s./𝑢𝜏 . The grey dashed line denotes
the channel midplane 𝑦/𝐻 = 0.5.

To quantify this midplane-centred statistical reorganisation, figure 10 plots the wall-
normal heights of the maximum mean streamwise velocity, the maximum wall-normal
velocity fluctuation, and the minimum spanwise velocity fluctuation for all simulated
cases. In the shear-dominated regime (𝑅𝑖𝑏 < 0.1), these heights vary widely, dictated by
canonical boundary-layer scaling and the asymmetric open-channel geometry. While some
cases show that the height of the maximum mean streamwise velocity is not 𝐻 in the shear-
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dominated regime, this does not indicate a velocity-dip profile. Instead, their profiles have
broad and nearly flat maxima, with 𝑢max ≈ 𝑢𝑡𝑜𝑝. For 𝑅𝑖𝑏 > 0.1, however, these heights
rapidly converge towards the geometric midplane of 𝑦/𝐻 = 0.5. Their convergence shows
that the emergence of large-scale rolls is accompanied by a robust tendency for these
characteristic statistical locations to cluster around the channel midplane. Furthermore,
these characteristic locations depend weakly on the absolute Rayleigh number 𝑅𝑎, with
their evolution governed primarily by the bulk Richardson number 𝑅𝑖𝑏.
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Figure 10. Wall-normal locations of characteristic dynamical features for all simulated cases as functions of the
bulk Richardson number 𝑅𝑖𝑏 . (a) Location of the maximum mean streamwise velocity, 𝑦𝑢,max/𝐻, (b) location
of the maximum wall-normal velocity fluctuation, 𝑦𝑣′r.m.s. ,max/𝐻 and (c) location of the minimum spanwise
velocity fluctuation, 𝑦𝑤′

r.m.s. ,min/𝐻. The horizontal dashed line denotes the channel midplane 𝑦/𝐻 = 0.5, and
the grey shaded region indicates cases with large-scale roll organisation. Green symbols denote DNS cases and
yellow symbols denote LES cases.

The corresponding large-scale rolls are evident in the short-time-averaged (i.e., a window
of 10𝑡 𝑓 ) velocity fields presented in figure 11. The updrafts and downdrafts of large-scale
rolls span the entire channel height, generating a distribution of wall-normal velocity
fluctuations that is broadly symmetric about the midplane (see figures 11a,c). Following
the onset of large-scale structures, the streamwise and spanwise velocity components are
organised into oppositely directed motions on either side of the channel midplane (see
figures 11b,d). By contrast, in the canonical open Poiseuille flow, the short-time-averaged
streamwise velocity varies smoothly in the wall-normal direction, and no domain-scale
transverse secondary circulation is present (see figure 11e). Under strong buoyancy, the
midplane thus becomes a useful geometric reference for the large-scale organisation in both
open and closed PRB systems. In closed PRB systems, this organisation is nearly symmetric
about the midplane; in the open system, the free-slip upper boundary introduces asymmetry.
These observations identify the midplane as a structural and statistical reference for the
roll-associated reorganisation, without implying that it constitutes a fixed boundary for
the underlying momentum or energetic balances. By contrast, under weak buoyancy or
neutral stability, open Poiseuille flow is dynamically analogous to the lower half of a
closed Poiseuille channel because the flow remains governed overwhelmingly by bottom-
wall shear (Yao et al. 2022; Pirozzoli 2023; Pirozzoli et al. 2017; Bauer et al. 2023; Pinelli
et al. 2022).

3.3. Momentum balance condition for the velocity gradient reversal
We next determine the local condition under which the mean streamwise velocity gradient
reverses. Before imposing horizontal homogeneity and statistical stationarity, the Reynolds-
averaged streamwise momentum equation is
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Figure 11. Short-time-averaged velocity fields illustrating the buoyancy-induced midplane-centred structural
organisation at 𝑅𝑒𝑏 = 2850 for (a–d) open PRB at 𝑅𝑖𝑏 = 17 and (e) open Poiseuille flow. (a,b) Velocity fields
in the 𝑦–𝑧 plane at 𝑥 = 0, and (c,d) velocity fields in the 𝑥–𝑦 plane at 𝑧 = 0 for the strong-buoyancy open PRB
case. (a,c) Wall-normal velocity normalised by the free-fall velocity 𝑢 𝑓 , (b) spanwise velocity normalised by
𝑢 𝑓 , and (d) streamwise velocity normalised by the bulk velocity 𝑢𝑏 . (e) Corresponding short-time-averaged
streamwise velocity field for open Poiseuille flow at 𝑅𝑒𝑏 = 2850. The coordinate arrows identify the plotted
planes, whose nondimensional extents are 0 ≤ 𝑥/𝐻 ≤ 12, 0 ≤ 𝑦/𝐻 ≤ 1, and 0 ≤ 𝑧/𝐻 ≤ 4. The black dashed
line in (b,d) denotes the channel midplane 𝑦/𝐻 = 0.5.
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(3.3)

Although the instantaneous flow is dominated by large-scale structures and is therefore
locally heterogeneous, the computational domain is periodic in the horizontal directions
and has no fixed lateral constraints. As a result, these structures can drift freely over time
(Reynolds & Hussain 1972; Cossu 2022; Xu et al. 2025; Schäfer et al. 2022), so that
their spatial signatures are homogenised in the long-time limit. We apply the following
assumptions to simplify (3.3); their validity is supported by the long-time statistics.
Specifically, statistical stationarity eliminates the averaged temporal derivative, horizontal
averaging over the periodic 𝑥 and 𝑧 directions eliminates the corresponding averaged
derivatives, incompressibility together with impermeable boundaries gives 𝑣 = 0, while
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the absence of spanwise forcing gives 𝑤 = 0, and the periodic part of the pressure has zero
horizontally averaged streamwise gradient because the imposed mean pressure gradient is
represented separately by the uniform body force 𝑓𝑏. Then, for any quantity 𝜙, the overbar in
this subsection denotes an average over the statistically stationary sampling interval and over
the periodic streamwise and spanwise directions to accelerate convergence (Cossu 2022),
and 𝜙′ = 𝜙 − 𝜙 denotes the corresponding fluctuation. The averaged quantities therefore
depend only on 𝑦, with 𝒖 = (𝑢(𝑦), 0, 0), and the remaining streamwise momentum balance
is

1
𝜌0

d𝜏total
d𝑦

+ 𝑓𝑏 = 0, (3.4)

and the total shear stress is defined as

𝜏total(𝑦) = 𝜌0

(
𝜈

d𝑢
d𝑦

− 𝑢′𝑣′
)
= 𝜏𝜈 + 𝜏𝑅, (3.5)

where

𝜏𝜈 = 𝜌0𝜈
d𝑢
d𝑦

, 𝜏𝑅 = −𝜌0𝑢′𝑣′ (3.6)

are the viscous shear stress and Reynolds shear stress, respectively. Because 𝑓𝑏 is spatially
uniform, integrating equation (3.4), together with the zero-total-shear condition at 𝑦 = 𝐻,
yields a linear profile for the total shear stress:

𝜏total
𝜏𝑤

= 1 − 𝑦

𝐻
. (3.7)

This is consistent with a standard fully developed channel flow driven by an imposed mean
pressure gradient 𝑓𝑏 = −𝜌−1

0 d𝑃mean/d𝑥.
Figure 12 shows the wall-normal distribution of these stress components for represen-

tative shear- and buoyancy-dominated cases. Under weak buoyancy (see figure 12a), the
stress balance exhibits canonical open-channel behaviour. The total shear stress decreases
linearly from the bottom wall, as indicated by equation (3.7). In the outer region, the
viscous contribution remains small and positive, while the Reynolds shear stress accounts
for the majority of the total stress. This profile confirms a shear-dominated state in which
momentum transport is governed primarily by near-wall motions. When strong buoyancy
induces large-scale structures (see figure 12b), the total stress remains linear, but its viscous
and turbulent contributions change. The Reynolds shear stress now follows the total stress
over a much wider region, demonstrating that buoyancy-influenced turbulent transport
dominates the bulk of the channel. Crucially, within the upper half of the domain, the
viscous shear stress becomes negative, signifying a local reversal of the mean velocity
gradient. This sign reversal represents the momentum-balance counterpart of the velocity
dip. Because the mean velocity peaks near the midplane, d𝑢/d𝑦 must be negative above
the velocity maximum, except at the free-slip endpoint where the gradient vanishes.

The stress-component relation can also be viewed by normalising with the local total
shear stress 𝜏total(𝑦), as shown in figure 13. Because 𝜏total approaches zero at the free-slip
surface, these ratios become denominator-sensitive very close to 𝑦/𝐻 = 1 and are used only
as illustrative support. The bottom-wall-normalised absolute profiles in figure 12 provide
the main evidence. For weak buoyancy (𝑅𝑖𝑏 < 0.1), the viscous component is positive,
and the Reynolds shear stress remains bounded by the local total stress, maintaining a
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Figure 12. Wall-normal profiles of the total shear stress 𝜏total, viscous shear stress 𝜏𝜈 , and Reynolds shear
stress 𝜏𝑅 , normalised by the bottom-wall shear stress 𝜏𝑤 , in the open PRB system at 𝑅𝑒𝑏 = 2850 for (a) the
weak-buoyancy case 𝑅𝑖𝑏 = 0.017 and (b) the strong-buoyancy case 𝑅𝑖𝑏 = 1.7.

standard open-channel profile. For stronger buoyancy (𝑅𝑖𝑏 > 0.1), the stress balance is
qualitatively altered. Over a finite upper-channel interval, the Reynolds shear stress exceeds
the locally imposed total stress. Equation (3.5) then requires the viscous contribution, and
hence the mean velocity gradient, to become negative. As an illustrative value away from
the free-surface endpoint, 𝜏𝑅/𝜏total reaches approximately 120%.
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Figure 13. Wall-normal profiles of shear-stress contributions normalised by the local total shear stress 𝜏total (𝑦).
(a) Relative viscous shear stress 𝜏𝜈/𝜏total. (b) Relative Reynolds shear stress 𝜏𝑅/𝜏total. The grey dashed line
denotes the channel midplane 𝑦/𝐻 = 0.5.

3.4. Large-scale roll transport and the Reynolds-stress excess
The mean momentum balance establishes that a velocity-gradient reversal occurs wherever
𝜏𝑅 exceeds 𝜏total, but it does not identify the large-scale roll effects that produce this
Reynolds-stress excess. To isolate the contribution associated with the large-scale rolls, we
apply the triple decomposition of Reynolds & Hussain (1972). For an arbitrary flow variable
𝜙, the conventional Reynolds decomposition is 𝜙 = 𝜙 + 𝜙′, where the overbar denotes the
horizontal and long-time average introduced in § 3.3. We then divide the statistically
stationary record into intervals of duration 10𝑡 𝑓 and define a short-time average ⟨·⟩𝑠 within
each interval. The slowly varying component is the departure of the short-time mean from
the long-time mean,

𝜙 = ⟨𝜙⟩𝑠 − 𝜙 = ⟨𝜙′⟩𝑠, (3.8)
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and the residual component is

𝜙′′ = 𝜙 − ⟨𝜙⟩𝑠 = 𝜙′ − 𝜙. (3.9)
Thus, 𝜙 = 𝜙+𝜙+𝜙′′ and 𝜙′ = 𝜙+𝜙′′. In the following, we refer to 𝜙 as the slowly varying
roll-associated component, and to 𝜙′′ as the rapidly varying residual component. Because
the intervals are non-overlapping and span the whole sampling record, we have

⟨𝜙′′⟩𝑠 = 0, 𝜙 = 0, 𝜙′′ = 0. (3.10)
For the Reynolds covariance, the short-time average therefore gives

⟨𝑢′𝑣′⟩𝑠 = 𝑢̃𝑣̃ + 𝑢̃⟨𝑣′′⟩𝑠 + 𝑣̃⟨𝑢′′⟩𝑠 + ⟨𝑢′′𝑣′′⟩𝑠
= 𝑢̃𝑣̃ + ⟨𝑢′′𝑣′′⟩𝑠 . (3.11)

Taking the long-time average of the interval averages then yields

𝑢′𝑣′ = 𝑢̃𝑣̃ + 𝑢′′𝑣′′. (3.12)
Accordingly,

𝜏𝑅 = −𝜌0𝑢′𝑣′ = 𝜏𝐿𝑅 + 𝜏𝑆𝑅, 𝜏𝐿𝑅 = −𝜌0𝑢̃𝑣̃, 𝜏𝑆𝑅 = −𝜌0𝑢′′𝑣′′. (3.13)
Here 𝜏𝐿

𝑅
represents the slowly varying organised contribution associated with the rolls,

whereas 𝜏𝑆
𝑅

represents the rapidly varying small-scale turbulent contribution. Figure S4
in the Supplementary Materials shows that a 10𝑡 𝑓 window is adequate to separate their
relative contributions to the Reynolds shear stress.

In figure 14, we show this decomposition for increasing 𝑅𝑖𝑏 at 𝑅𝑒𝑏 = 2850. In the
neutral and weak-buoyancy cases (𝑅𝑖𝑏 < 0.1), 𝜏𝑆

𝑅
dominates and 𝜏𝐿

𝑅
remains modest (see

figure 14a). Once large-scale rolls form (𝑅𝑖𝑏 > 0.1), the slowly varying roll-associated
component 𝜏𝐿

𝑅
increases throughout the core and upper channel (see figure 14b) and

supplies more than half of the Reynolds stress over much of the upper half (see figure 14c).
The total Reynolds stress 𝜏𝐿

𝑅
+ 𝜏𝑆

𝑅
consequently exceeds 𝜏total over a finite upper-channel

interval. Under constant-bulk-flow-rate control, the spatially uniform body force imposes
the linear total-stress profile after averaging. Equation (3.5) then indicates negative viscous
stress 𝜏𝜈 and hence the velocity gradient reversal. Near the free surface, 𝜏𝐿

𝑅
can itself

exceed the local total stress, while 𝜏𝑆
𝑅

becomes negative to satisfy the complete balance
(see figure 14c,d). Thus, the roll-associated component supplies much of the upper-channel
Reynolds stress required for the total Reynolds stress to exceed the local total stress.

To relate the roll-associated transport to the mean-profile response, figure 15 com-
pares the upper-half-averaged large-scale Reynolds-stress fraction ⟨𝜏𝐿

𝑅
/𝜏total⟩half with the

velocity-dip strength D𝑢, defined as

D𝑢 =
𝑢max − 𝑢top

𝑢top
, 𝑢max = max

0≤𝑦≤𝐻
𝑢(𝑦), 𝑢top = 𝑢(𝐻). (3.14)

For a monotonic open-Poiseuille-type profile, the maximum velocity occurs at the free
surface, yielding D𝑢 = 0. For 𝑅𝑒𝑏 = 2850 (see figure 15a,b), the upper-half large-
scale Reynolds stress measure rises sharply with roll formation and follows the same
non-monotonic variation as D𝑢. The additional cases at 𝑅𝑒𝑏 = 901 and 5700 show the
same correspondence (see figure 15c,d). At the highest 𝑅𝑖𝑏, both measures decrease as
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Figure 14. Scale decomposition of the Reynolds shear stress 𝜏𝑅 at 𝑅𝑒𝑏 = 2850. (a,b) Slowly varying large-scale
Reynolds stress component 𝜏𝐿

𝑅
(solid) and small-scale Reynolds stress component 𝜏𝑆

𝑅
(dashed) contributions,

normalised by the bottom-wall stress 𝜏𝑤 , for (a) the neutral and weak-buoyancy cases and (b) the roll-formation
cases. The grey dashed line denotes 𝜏total/𝜏𝑤 = 1 − 𝑦/𝐻. (c,d) Corresponding contributions normalised by the
local total stress.

the rolls fragment and vertical mixing makes the velocity profile more uniform. The non-
monotonic velocity-dip strength therefore follows the efficiency of roll-associated transport
more closely than buoyancy magnitude alone.

To identify the events contributing to 𝜏𝐿
𝑅

, we further apply the standard quadrant
decomposition to (𝑢̃, 𝑣̃) (Wallace 2016). The four quadrants are defined as𝑄1 (𝑢̃ > 0,𝑣̃ > 0),
𝑄2 (𝑢̃ < 0, 𝑣̃ > 0), 𝑄3 (𝑢̃ < 0,𝑣̃ < 0), and 𝑄4 (𝑢̃ > 0, 𝑣̃ < 0). Here, 𝑄2 represents the
upward transport of low-momentum fluid, whereas 𝑄4 represents the downward transport
of high-momentum fluid. Both events satisfy 𝑢̃𝑣̃ < 0 and therefore contribute positively
to the large-scale Reynolds shear stress. In contrast, the 𝑄1 and 𝑄3 events satisfy 𝑢̃𝑣̃ > 0
and make a negative contribution to the Reynolds stress. In the weak-buoyancy case (see
figure 16a), 𝑄2 and 𝑄4 already account for most of the net large-scale covariance, but
the absolute contribution of 𝜏𝐿

𝑅
remains small (recall figure 14). Once large-scale rolls

form (see figure 16b,c), 𝑄2 dominates much of the core and 𝑄4 strengthens towards
the upper channel, while 𝑄1 and 𝑄3 only partially offset these contributions. The slowly
varying roll-associated motions therefore form a paired exchange. Their ascending branches
lift low-momentum fluid through 𝑄2 events, while their descending branches carry high-
momentum fluid towards the channel interior through𝑄4 events. This exchange provides the
link between the net downward streamwise-momentum flux and the Reynolds stress excess.
In the fragmented state at 𝑅𝑖𝑏 = 17 (see figure 16d), the positive and negative contributions
become much larger relative to the net covariance, indicating stronger cancellation; the
resulting net transport is reduced, thereby reducing the roll-associated Reynolds stress and
weakening the velocity dip.
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Figure 15. Association between large-scale Reynolds stress and velocity dip strength. (a) Upper-half-averaged
slowly varying large-scale Reynolds stress fraction ⟨𝜏𝐿

𝑅
/𝜏total⟩half and (b) velocity dip strength D𝑢, respectively,

at 𝑅𝑒𝑏 = 2850 (circles). The upper-half average is evaluated over 0.5 ≤ 𝑦/𝐻 ≤ 0.98, excluding the free-surface
endpoint at which 𝜏total = 0. (c,d) Corresponding results including 𝑅𝑒𝑏 = 901 (triangles) and 𝑅𝑒𝑏 = 5700
(squares). The grey shaded region indicates cases with large-scale roll organisation. Green symbols denote
DNS cases and yellow symbols denote LES cases.
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Figure 16. Quadrant decomposition of the slowly varying large-scale Reynolds shear-stress contribution at
𝑅𝑒𝑏 = 2850 for (a) 𝑅𝑖𝑏 = 0.017, (b) 0.17, (c) 1.7, and (d) 17. The corresponding Rayleigh numbers are 105,
106, 107 and 108, respectively.

3.5. TKE-budget changes in the roll-dominated state
The momentum balance and scale-decomposed Reynolds stress have identified the large-
scale roll transport associated with the velocity dip in the open PRB system. We now
examine how the TKE budget changes once the buoyancy-driven rolls and velocity-gradient
reversal emerge. Unlike the streamwise momentum equation, in which buoyancy affects
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the mean flow only indirectly through stress redistribution, the TKE equation contains an
explicit buoyancy source term. For the PRB system, the mean TKE equation is (Xu et al.
2025)

𝜕𝑘

𝜕𝑡
+ 𝑢 𝑗

𝜕𝑘

𝜕𝑥 𝑗
= −𝑢′

𝑖
𝑢′
𝑗

𝜕𝑢𝑖

𝜕𝑥 𝑗
+ 𝑔𝛽 𝑣′𝑇 ′ − 𝜕

𝜕𝑥 𝑗

(
1
2
𝑢′
𝑖
𝑢′
𝑖
𝑢′
𝑗
+ 1

𝜌0
𝑃′𝑢′

𝑗
− 𝜈

𝜕𝑘

𝜕𝑥 𝑗

)
− 𝜈

𝜕𝑢′
𝑖

𝜕𝑥 𝑗

𝜕𝑢′
𝑖

𝜕𝑥 𝑗
,

(3.15)
where 𝑘 ≡ 1

2𝑢
′
𝑖
𝑢′
𝑖
is the TKE, 𝑃′ is the pressure fluctuation,𝑇 ′ is the temperature fluctuation,

and 𝑣′ is the wall-normal velocity fluctuation. The four grouped terms on the right-
hand side correspond to shear production, buoyancy production, transport divergence,
and viscous dissipation, respectively. Applying the same stationarity, homogeneity, and
impermeability assumptions used for the momentum balance eliminates the averaged
temporal derivative, the horizontal transport divergences, and mean wall-normal advection.
Because 𝒖 = (𝑢(𝑦), 0, 0), the shear-production tensor reduces to −𝑢′𝑣′ d𝑢/d𝑦, and only
the wall-normal divergences of the pressure, turbulent and viscous transport remain.
Equation (3.15) therefore simplifies to

𝑃𝑆 (𝑦) + 𝑃𝐵 (𝑦) − 𝜀𝑢 (𝑦) + 𝐷 (𝑦) = 0, (3.16)
where

𝑃𝑆 = −𝑢′𝑣′ d𝑢
d𝑦

, 𝑃𝐵 = 𝑔𝛽 𝑣′𝑇 ′, 𝜀𝑢 = 𝜈
𝜕𝑢′

𝑖

𝜕𝑥 𝑗

𝜕𝑢′
𝑖

𝜕𝑥 𝑗
, (3.17)

and

𝐷 =
d

d𝑦

[
− 1
𝜌0

𝑃′𝑣′ − 1
2
𝑢′
𝑖
𝑢′
𝑖
𝑣′ + 𝜈

d𝑘
d𝑦

]
. (3.18)

Here, 𝑃𝑆 is the shear production, 𝑃𝐵 is the buoyancy production, 𝜀𝑢 is the viscous
dissipation rate, and 𝐷 represents the sum of the pressure, turbulent, and viscous transport
divergences.

Figures 17(a,b) present the wall-normal TKE budgets for representative weak- and
strong-buoyancy cases. At 𝑅𝑖𝑏 = 0.017, buoyancy production 𝑃𝐵 is negligible compared
with shear production, and the balance is governed primarily by the local competition
between 𝑃𝑆 and 𝜀𝑢. Both terms decrease rapidly away from the bottom wall. The transport
term 𝐷 is significant mainly near the wall, although it remains a non-negligible fraction
of the local production in the outer layer. At 𝑅𝑖𝑏 = 1.7, buoyancy production 𝑃𝐵 becomes
the main source throughout the core and remains roughly constant outside the thermal
boundary layers, indicating that buoyancy injects kinetic energy approximately uniformly
across the bulk, rather than locally at the boundaries. The dissipation rate 𝜀𝑢 no longer
decreases monotonically; instead, it exhibits a broad elevated plateau across the core,
reflecting the intense bulk mixing sustained by the large-scale convective structures. The
shear-production term 𝑃𝑆 directly reflects the velocity-gradient reversal. In the strong-
buoyancy cases, 𝑃𝑆 is positive below the mean-velocity maximum but becomes persistently
negative above it (see figure 17c). Because 𝑃𝑆 = −𝑢′𝑣′ d𝑢/d𝑦, this sign change follows
directly from the observed reversal of d𝑢/d𝑦. Below the maximum, the mean flow supplies
energy to turbulent fluctuations, whereas above it, 𝑃𝑆 acts as a local sink and transfers
turbulent kinetic energy back to the mean flow. Increasing buoyancy thus shifts the main
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energy source from localised bottom-wall shear production to spatially distributed bulk
buoyancy production.
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Figure 17. Wall-normal budgets of turbulent kinetic energy in the open PRB system at 𝑅𝑒𝑏 = 2850 for (a)
the weak-buoyancy case 𝑅𝑖𝑏 = 0.017 and (b) the strong-buoyancy case 𝑅𝑖𝑏 = 1.7. (c) Wall-normal profiles of
the shear-production term 𝑃𝑆 for different 𝑅𝑖𝑏 . Here, 𝑃𝑆 , 𝑃𝐵, 𝜀𝑢, and 𝐷 denote shear production, buoyancy
production, viscous dissipation, and the divergence of TKE transport, respectively. All terms are normalised by
𝑢3
𝑏
/𝐻. The grey dashed line in (c) denotes 𝑃𝑆 = 0.

To quantify the local competition between shear and buoyancy, we compare the
production terms directly. The conventional flux Richardson number 𝑅𝑖 𝑓 = −𝑃𝐵/𝑃𝑆 is
unsuitable across the whole channel, because 𝑃𝑆 vanishes at the mean-velocity maximum
and 𝑅𝑖 𝑓 is therefore singular at the gradient-reversal location. We instead use the local
ratio

𝛱𝑆𝐵 (𝑦) =
𝑃𝑆 (𝑦)
𝑃𝐵 (𝑦)

. (3.19)

For the unstably stratified cases, 𝛱𝑆𝐵 = 1 identifies equal shear and buoyancy production,
𝛱𝑆𝐵 > 1 denotes shear-dominated TKE production, and 𝛱𝑆𝐵 < 1 denotes buoyancy-
dominated production. Negative values indicate that 𝑃𝑆 acts as a local TKE sink rather than
a source. Figure 18 shows that, near the onset of streamwise-oriented rolls at 𝑅𝑖𝑏 = 0.17,
buoyancy production exceeds shear production mainly in the upper portion of the channel.
As 𝑅𝑖𝑏 increases from 1.7 to 17, buoyancy dominates almost the entire channel, leaving
only a thin shear-dominated region near the bottom wall. The equality location 𝑦𝛱𝑆𝐵=1/𝐻
is not fixed at the channel midplane. It moves progressively towards the bottom wall and
also shows a weaker dependence on 𝑅𝑒𝑏. Near the empirical roll-onset range, 𝑅𝑖𝑏 ≈ 0.1,
equality occurs at approximately 𝑦𝛱𝑆𝐵=1/𝐻 ≈ 0.4.

We next examine whether the velocity-dip profile can be represented by a small number
of basis functions. We construct an a posteriori relation over 0.2 ≤ 𝑦/𝐻 ≤ 0.8 based
on the main features of the core-region TKE budget. In this region, the main TKE
features are that the Reynolds shear stress approximately follows the linear total stress
profile, buoyancy production is nearly height independent, and the combined dissipation
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Figure 18. Local competition between shear and buoyancy production. (a) Wall-normal profiles of 𝛱𝑆𝐵 =

𝑃𝑆/𝑃𝐵 at 𝑅𝑒𝑏 = 2850 for 𝑅𝑖𝑏 = 0.017, 0.17, 1.7, and 17. The horizontal dashed line denotes 𝛱𝑆𝐵 = 1. (b)
Wall-normal location 𝑦𝛱𝑆𝐵=1/𝐻 at which the two production terms are equal, shown as a function of 𝑅𝑖𝑏 for
𝑅𝑒𝑏 = 901, 2850, and 5700. The grey shaded region indicates cases with large-scale roll organisation. Green
symbols denote DNS cases and yellow symbols denote LES cases.

and transport sink is modelled as the sum of shear-associated and buoyancy-associated
contributions. The resulting two-term relation can capture the gradient reversal and the
non-monotonic velocity profiles across the dip cases. The detailed simplification from the
one-dimensional TKE balance and the diagnostics supporting its approximations are given
in Appendix C. With 𝑦∗ = 𝑦/𝐻 and 𝑢+ = 𝑢/𝑢𝜏 , these approximations yield

d𝑢+

d𝑦∗
≈ 𝐴𝜓1(𝑦∗) + 𝐵𝜓2(𝑦∗), 𝜓1(𝑦∗) =

(1 − 𝑦∗)1/2

𝑦∗
, 𝜓2(𝑦∗) =

1
1 − 𝑦∗

, (3.20)

and its integral is

𝑢+ ≈ 𝐴𝜙1(𝑦∗) + 𝐵𝜙2(𝑦∗) + 𝐶, (3.21)
where

𝜙1(𝑦∗) = 2
√︁

1 − 𝑦∗ − ln

(
1 +

√︁
1 − 𝑦∗

1 −
√︁

1 − 𝑦∗

)
, 𝜙2(𝑦∗) = − ln(1 − 𝑦∗). (3.22)

The coefficients 𝐴 and 𝐵 weight the shear-associated and net buoyancy-associated contri-
butions, respectively, and 𝐶 is the integration constant. 𝐴, 𝐵 and 𝐶 are obtained separately
from velocity and velocity-gradient profile over 0.2 ≤ 𝑦/𝐻 ≤ 0.8, then the relation can be
fitted by DNS and LES dip cases.

Figures 19(a,b) show representative reconstructions, and figures 19(c,d) report the errors
over the complete set of dip cases. The relative 𝐿2 error 𝜉𝑞 is defined over the core region,

𝜉𝑞 =


∫ 0.8𝐻

0.2𝐻
[𝑞rec(𝑦) − 𝑞(𝑦)]2 d𝑦∫ 0.8𝐻

0.2𝐻
𝑞2(𝑦) d𝑦


1/2

× 100%, (3.23)

where 𝑞 denotes either d𝑢+/d𝑦∗ or 𝑢+, and 𝑞rec is the fitted reconstruction. Thus, the
plotted values quantify the core-region-integrated difference across 0.2 ≤ 𝑦/𝐻 ≤ 0.8.
The gradient error is larger because local discrepancies are most apparent near the zero
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Figure 19. A posteriori reconstruction of the core-region profiles for representative velocity-dip cases. (a) Mean
velocity gradient d𝑢+/d𝑦∗ and (b) mean velocity 𝑢+ over 0.2 ≤ 𝑦/𝐻 ≤ 0.8; circles denote simulation data, and
solid curves denote the reduced reconstruction. The gradient profiles in (a) are shifted vertically for clarity.
With increasing 𝑅𝑎, the offsets are -5, -2.5, 0, 2.5 and 5, respectively. Relative 𝐿2 reconstruction errors 𝜉𝑞 for
the (c) mean velocity gradient and (d) mean velocity, respectively, for all velocity-dip cases.

crossing, whereas integration smooths these differences and yields velocity-profile errors
below approximately 1.2% for all cases shown. The two basis functions therefore capture
the dominant core-region profile variation and its non-monotonic form, while the larger
gradient errors indicate the finer-scale information discarded by the simplification.

4. Conclusion
In this work, we have investigated turbulent mixed convection in an open PRB system
with a no-slip heated bottom wall and a free-slip cooled upper boundary over 105 ≤
𝑅𝑎 ≤ 108, 90 ≤ 𝑅𝑒𝑏 ≤ 5700, 𝑃𝑟 = 0.71, and 0.013 ≤ 𝑅𝑖𝑏 ≤ 17. We identify the bulk
Richardson number 𝑅𝑖𝑏 as the primary ordering parameter governing flow organisation.
The structural transition is characterised using instantaneous visualisations, POD modes,
and premultiplied spectra of the wall-normal velocity fluctuation 𝑣′. To classify flow
organisation, premultiplied spectral peaks serve as the primary structural diagnostic, while
POD provides an additional check. The results show that, in the shear-dominated regime
at 𝑅𝑖𝑏 < 0.1, the spectra reflect only small-wavelength spanwise coherence, confirming
the absence of domain-scale roll organisation. As buoyancy strengthens and large-scale
streamwise-oriented rolls emerge, outer-scale peaks at 𝜆max

𝑥 ≈ 12𝐻 and 𝜆max
𝑧 ≈ 4𝐻 appear

in the streamwise and spanwise spectra, respectively. With a further increase in 𝑅𝑖𝑏, the
streamwise-oriented rolls fragment and the dominant wavelengths are reduced.

The onset of these large-scale structures alters both the mean flow and the turbulence
statistics. Under weak buoyancy, the mean streamwise velocity increases monotonically
towards the free-slip surface. Once large-scale rolls form, the velocity maximum moves
into the channel interior. The velocity fluctuations simultaneously reorganise about the
midplane: 𝑢′r.m.s. and 𝑤′

r.m.s. develop local minima there; 𝑣′r.m.s. becomes nearly symmetric;
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and the characteristic profile locations approach 𝑦/𝐻 ≈ 0.5. This midplane-centred
behaviour describes the structural and statistical response to roll formation. The mean-
momentum balance identifies the local stress condition associated with the reversed velocity
gradient. The spatially uniform streamwise forcing under constant-bulk-flow-rate control
imposes 𝜏total/𝜏𝑤 = 1 − 𝑦/𝐻 with 𝜏total = 𝜏𝜈 + 𝜏𝑅. Wherever the Reynolds shear stress 𝜏𝑅
exceeds the locally constrained total stress, the viscous stress 𝜏𝜈 must become negative and
therefore d𝑢/d𝑦 < 0.

We then perform a triple decomposition and identify the motions associated with the
Reynolds stress. When the large-scale rolls are absent, the small-scale Reynolds stress
𝜏𝑆
𝑅

dominates, whereas once the large-scale rolls form, the roll-associated component 𝜏𝐿
𝑅

accounts for most of the Reynolds stress. Together with the stress constraint, these results
link the roll-associated Reynolds-stress contribution to the velocity-gradient reversal.
Quadrant analysis shows that low-momentum ejections and high-momentum sweeps
provide the main positive contributions to the roll-associated Reynolds stress. Once the
rolls fragment, positive and negative quadrant contributions offset more strongly, reducing
the roll-associated Reynolds stress and weakening the velocity dip.

We also use the TKE budget to describe the reorganisation associated with large-scale
rolls. Weak-buoyancy flows rely primarily on near-wall shear production, whereas roll-
dominated flows exhibit nearly uniform core buoyancy production and a broad dissipation
plateau. Because 𝑃𝑆 = −𝑢′𝑣′ d𝑢/d𝑦, its sign reversal follows from the reversed mean
gradient. The location 𝑃𝑆/𝑃𝐵 = 1 moves towards the bottom wall as 𝑅𝑖𝑏 increases,
confirming that the production crossover is not fixed at the channel midplane. A case-
specific simplification of the core-region TKE balance yields a two-term a posteriori
representation of the velocity-gradient and velocity profiles. Case-specific coefficients
capture the gradient reversal and the non-monotonic velocity profiles.

In summary, the velocity dip results from enhanced roll-associated Reynolds stress under
the linear total-stress constraint in the present open PRB system. This constraint follows
from spatially uniform streamwise forcing at a fixed bulk flow rate. Different forms of
momentum or thermal forcing, upper-boundary conditions, Coriolis effects, entrainment,
or evolving boundary layers may therefore produce different mean-velocity responses
(Walker et al. 2014; Park & Baik 2014; Jayaraman & Brasseur 2021; Liu et al. 2023). The
present open PRB system provides a clear framework for examining the link between roll
transport, Reynolds-stress redistribution, and mean-gradient reversal. Future work can test
whether the same link exists in other convective flows.
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Appendix A. Validation of Nek5000 against benchmark data
To ensure the accuracy of our Nek5000 simulations, we validate the solver against established DNS benchmarks
for both turbulent mixed convection and canonical open Poiseuille flow. For mixed convection, we reproduce
the reference case of Pirozzoli et al. (2017). Figure 20 compares the mean temperature and streamwise-velocity
profiles, together with the r.m.s. fluctuations of temperature and all three velocity components, over the lower
half of the channel (0 ≤ 𝑦/ℎ ≤ 1) at 𝑅𝑒𝑏 ≈ 3162, 𝑅𝑎 = 107, and 𝑃𝑟 = 1. For isothermal open Poiseuille flow,
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we benchmark against the datasets provided by Pirozzoli (2023) and Yao et al. (2022). Figure 21 shows the mean
streamwise-velocity profile and the r.m.s. fluctuations of the streamwise, wall-normal, and spanwise velocity
components across the full channel height at 𝑅𝑒𝑏 = 2850. In all comparisons, the Nek5000 profiles exhibit
quantitative agreement with the reference data, verifying that the numerical framework accurately captures the
physics of both buoyancy-driven and shear-dominated wall-bounded turbulence. These validation tests underpin
the reliability of the DNS statistics discussed in the main text.
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Figure 20. Comparison between the mixed-convection benchmark data of Pirozzoli et al. (2017) and the present
Nek5000 results. Mean profiles of (a) temperature and (b) streamwise velocity, and r.m.s. fluctuations of (c)
temperature, (d) streamwise velocity, (e) wall-normal velocity, and (f ) spanwise velocity, evaluated over the
lower half of the channel (0 ≤ 𝑦/ℎ ≤ 1) at 𝑅𝑒𝑏 ≈ 3162, 𝑅𝑎 = 107, and 𝑃𝑟 = 1. Here, ℎ is half of the closed
channel height.

To assess the accuracy and limitations of LES at the highest parameter values, we perform an a posteriori
comparison with the DNS at 𝑅𝑎 = 108 and 𝑅𝑒𝑏 = 2850. For this comparison, the wall-normal element
distribution in the LES matches that of the DNS, ensuring identical resolution of the critical near-wall viscous
and thermal boundary layers. The computational savings are achieved by coarsening the horizontal element
resolution. Because the explicit modal filter in Nek5000 attenuates the two highest polynomial modes within
each element at every time step, an unfiltered LES fluctuation field is not available for direct comparison with
DNS. Consequently, we compare the resolved LES statistics with the corresponding DNS profiles. Figure 22
shows that the LES mean-temperature, mean-streamwise-velocity, and resolved r.m.s. profiles closely follow
their DNS counterparts, while the global quantities in table 1 show that 𝑅𝑒𝜏 and 𝑁𝑢 differ by 0.85% and 8.7%,
respectively.

Although the LES closely follows the DNS mean and r.m.s. profiles in figure 22, the global heat flux is more
sensitive to filtering. The volume-averaged convective heat flux can be written as

⟨𝑣′∗𝑇 ′∗⟩𝑉,𝑡 = 𝑅𝑣𝑇 𝑣
′∗
r.m.s.𝑇

′∗
r.m.s., (A 1)

where 𝑅𝑣𝑇 = ⟨𝑣′∗𝑇 ′∗⟩𝑉,𝑡/(𝑣′∗r.m.s.𝑇 ′∗
r.m.s.), 𝑣′∗r.m.s. and 𝑇 ′∗

r.m.s. are the volume- and time-r.m.s. quantities. The
LES-to-DNS ratios of ⟨𝑣′∗𝑇 ′∗⟩𝑉,𝑡 , 𝑣′∗r.m.s., 𝑇 ′∗

r.m.s. and 𝑅𝑣𝑇 are 0.91, 0.96, 1.01, and 0.93, respectively. Thus, the
temperature-fluctuation intensity is essentially unchanged, whereas the wall-normal velocity fluctuation and
the velocity–temperature correlation are reduced. The lower LES heat flux therefore arises mainly from weaker
velocity–temperature coupling, together with a smaller reduction in wall-normal velocity fluctuations, rather
than from a loss of temperature-fluctuation intensity.

For the DNS, the nondimensional global kinetic-energy and temperature-variance balances are (Grossmann
& Lohse 2000)
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Figure 21. Comparison between the open-Poiseuille-flow benchmark data of Pirozzoli (2023) and Yao et al.
(2022) and the present Nek5000 results. Mean profiles of (a) streamwise velocity and r.m.s. fluctuations of (b)
streamwise velocity, (c) wall-normal velocity, and (d) spanwise velocity, evaluated over the full channel height
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𝑅𝑒𝑏
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𝑖
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𝑗

𝜕𝑢∗
𝑖

𝜕𝑥∗
𝑗

〉
𝑉,𝑡

= 𝑓 ∗𝑏 + 𝑅𝑎

𝑅𝑒3
𝑏
𝑃𝑟2

(𝑁𝑢 − 1), (A 2)
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〈
|∇∗𝑇∗ |2

〉
𝑉,𝑡

= 𝑁𝑢. (A 3)

The corresponding DNS closure errors are 2.53% and 0.32%, respectively. When the same diagnostics are
evaluated from the stored resolved LES fields, the kinetic- and thermal-balance residuals are 49.59% and 8.91%,
respectively. Relative to the corresponding DNS values, the resolved LES kinetic and thermal dissipation rates
are 47.36% and 83.61%, respectively. These LES differences are resolved-field budget residuals rather than
exact discrete-balance errors, because the kinetic energy and temperature variance removed by the explicit
filter were not accumulated during the simulations (Chumakov 2007). The entire kinetic-energy residual cannot
therefore be identified quantitatively with filter dissipation. The smaller thermal residual indicates that the
temperature-gradient field is more completely represented than the velocity-gradient fields.

Appendix B. Domain-size sensitivity analysis
To assess the dependence of the reported flow organisation on the horizontal domain aspect ratios 𝛤𝑥 = 𝐿𝑥/𝐻
and 𝛤𝑧 = 𝐿𝑧/𝐻, we first compare three computational domains,

𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 = 6𝐻 × 𝐻 × 2𝐻, 12𝐻 × 𝐻 × 4𝐻, 24𝐻 × 𝐻 × 8𝐻, (B 1)
referred to as the small, middle, and large domains, respectively. For each domain, simulations were performed
at 𝑅𝑒𝑏 = 2850 for 𝑅𝑎 = 105 and 𝑅𝑎 = 106, representing the no-roll and streamwise-oriented-roll regimes.
Both instantaneous flow fields and wall-normal profiles of the mean and fluctuation statistics were examined.

Figure 23 shows contours of the wall-normal velocity fluctuation 𝑣′ at the channel midplane for all three
domain sizes. At 𝑅𝑎 = 105, where large-scale convective rolls are absent, the flow structures are qualitatively
similar across the domains, indicating that the essential no-roll dynamics are already captured in the small
domain. At 𝑅𝑎 = 106, both the small and middle domains contain one apparent updraft–downdraft pair,
whereas two such pairs appear when the spanwise width is doubled in the large domain. The small domain
constrains the spanwise organisation because 𝐿𝑧 = 2𝐻 is comparable to the updraft–downdraft spacing. By
contrast, the middle domain with 𝐿𝑧 = 4𝐻 accommodates one full wavelength of the energetic spanwise roll
pattern, consistent with both the large-domain organisation and the dominant scale 𝜆max

𝑧 ≈ 4𝐻 identified in the
main text. Thus, among the tested cases, 12𝐻 × 𝐻 × 4𝐻 is the smallest domain that accommodates the natural
spanwise wavelength. This result is also consistent with the convection study of Stevens et al. (2024), who
reported convergence of integral properties near an aspect ratio of four.

Figures 24 and 25 compare the corresponding mean and variance profiles. At 𝑅𝑎 = 105, the middle- and
large-domain results are essentially indistinguishable for all quantities, while the small-domain result also
agrees closely, except for a slight deviation in the spanwise velocity variance. At 𝑅𝑎 = 106, domain size has
only a minor effect on the mean streamwise velocity, whereas the mean temperature exhibits a more pronounced
and non-monotonic sensitivity. A similar non-monotonic domain-size effect occurs in the fluctuation profiles,
in line with the closed-channel results of Pirozzoli et al. (2017). Overall, the middle domain yields mean-flow
and fluctuation statistics close to those of the 24𝐻 × 𝐻 × 8𝐻 domain at both Rayleigh numbers.

The domain-size dependence was also tested in the strongly buoyant fragmented-roll regime at 𝑅𝑎 = 108

and 𝑅𝑒𝑏 = 2850 (𝑅𝑖𝑏 = 17) with a 12𝐻×𝐻×12𝐻 domain. Figure 26 shows that the fragmented-roll structures
persist in this wider domain. The instantaneous patterns retain a preferred alignment with the coordinate axes, a
tendency influenced by the rectangular geometry and also reported for rectangular mixed-convection domains
by Pirozzoli et al. (2017). This enlarged-domain test demonstrates that the qualitative fragmented organisation
is not an artefact of the baseline spanwise extent.

Together, the no-roll, streamwise-oriented-roll, and fragmented-roll comparisons show that the middle
domain 12𝐻 × 𝐻 × 4𝐻 is a computationally tractable domain that captures the natural 4𝐻 spanwise roll
organisation and the qualitative flow-regime behaviour central to the present study.

Appendix C. Derivation of the reduced TKE-budget reconstruction
This appendix documents the assumptions leading to equations (3.20) and (3.21). The construction is an
a posteriori representation fitted to the core-region profiles. Rearranging the one-dimensional TKE balance
(3.16) gives

𝑃𝑆 + 𝑃𝐵 = 𝜀𝑢 − 𝐷, (C 1)
and substitution of 𝑃𝑆 = −𝑢′𝑣′ d𝑢/d𝑦 yields the exact diagnostic relation

0 X0-30



velocity dip in mixed convection

(b)

(d)

(f )

(a)

(c)

(e)
/

f
v

u


/
f

v
u


/

f
v

u


/
f

v
u


/

f
v

u


/
f

v
u



Figure 23. Instantaneous wall-normal velocity fluctuation at the channel midplane (𝑦/𝐻 = 0.5) for (a,b) the
small domain 6𝐻 ×𝐻 × 2𝐻, (c,d) the middle domain 12𝐻 ×𝐻 × 4𝐻, and (e,f ) the large domain 24𝐻 ×𝐻 × 8𝐻
at (a,c,e) 𝑅𝑎 = 105 (corresponding to 𝑅𝑖𝑏 = 0.017) and (b,d,f ) 𝑅𝑎 = 106 (corresponding to 𝑅𝑖𝑏 = 0.17), with
𝑅𝑒𝑏 = 2850.
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Figure 24. Wall-normal profiles of (a) mean streamwise velocity, (b) mean temperature, (c) temperature
variance, (d) streamwise velocity variance, (e) wall-normal velocity variance, and (f ) spanwise velocity variance
for the three domain sizes at 𝑅𝑎 = 105 and 𝑅𝑒𝑏 = 2850.
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Figure 25. Wall-normal profiles of (a) mean streamwise velocity, (b) mean temperature, (c) temperature
variance, (d) streamwise velocity variance, (e) wall-normal velocity variance, and (f ) spanwise velocity variance
for the three domain sizes at 𝑅𝑎 = 106 and 𝑅𝑒𝑏 = 2850.

(a) (b)

(d) (e) (f )

(c)

/
T

T



/
f

v
u



/
f

u
u


/

f
u

u


/
f

v
u



/
T

T



Figure 26. Larger-domain comparison in the fragmented-roll regime at 𝑅𝑎 = 108 and 𝑅𝑒𝑏 = 2850 (𝑅𝑖𝑏 = 17).
Instantaneous contours of (a,d) streamwise velocity fluctuation 𝑢′ in the near-wall region (𝑦+ ≈ 5), (b,e) wall-
normal velocity fluctuation 𝑣′, and (c,f ) temperature fluctuation 𝑇 ′ at the channel midplane (𝑦/𝐻 = 0.5). The
domain sizes are (a–c) 12𝐻 × 𝐻 × 4𝐻 and (d–f ) 12𝐻 × 𝐻 × 12𝐻.
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d𝑢
d𝑦

=
(𝜀𝑢 − 𝐷) − 𝑃𝐵

−𝑢′𝑣′
. (C 2)

The simplification concerns only the core region 0.2 ≤ 𝑦/𝐻 ≤ 0.8. Figure 27 shows that the Reynolds shear
stress in this core region approximately follows the imposed linear total-stress shape, the buoyancy production
is nearly height independent in the roll-formation cases, and the sink 𝜀𝑢 − 𝐷 changes from a shear-dominated
decay to a broad buoyancy-associated plateau. These observations motivate

−𝑢′𝑣′ ≈ 𝑢2
𝜏 (1 − 𝑦/𝐻). (C 3)

To estimate 𝑃𝐵, define

𝑁𝑢local (𝑦∗) =
√︂

𝑅𝑎𝑃𝑟

𝑅𝑖𝑏
𝑣′∗𝑇 ′∗ (𝑦∗) − 𝜕𝑇∗

𝜕𝑦∗
(𝑦∗), (C 4)

Figure 28 shows that the convective contribution to 𝑁𝑢local dominates outside the thermal boundary layers.
Hence,

𝑃𝐵 = 𝑔𝛽𝑣′𝑇 ′ ≈ 𝑁𝑢√︁
𝑅𝑎𝑃𝑟/𝑅𝑖𝑏

𝑢𝑏𝑔𝛽𝛥𝑇 ≡ 𝐶1. (C 5)
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Figure 27. Wall-normal profiles of the quantities used in the reduced TKE-budget reconstruction at 𝑅𝑒𝑏 = 2850.
(a) buoyancy production 𝑃𝐵, (b) Reynolds shear stress 𝜏𝑅 = −𝜌0𝑢′𝑣′ normalised by 𝜏𝑤 , and (c) the sink
𝜀𝑢 − 𝐷. The reconstruction is fitted over 0.2 ≤ 𝑦/𝐻 ≤ 0.8, and the dashed line in (b) is the linear total-stress
approximation.

For a compact representation of the sink, we write

𝜀𝑢 − 𝐷 = (𝜀𝑢 − 𝐷)𝑆 + (𝜀𝑢 − 𝐷)𝐵 . (C 6)

Using
√︁
−𝑢′𝑣′ ≈ 𝑢𝜏 (1 − 𝑦/𝐻)1/2 with the wall distance 𝑦 for the shear-related part, and 𝑢 𝑓 =

√︁
𝑔𝛽𝛥𝑇𝐻 with

the channel height 𝐻 for the buoyancy-related part, gives

(𝜀𝑢 − 𝐷)𝑆 ≈ 𝑘1
𝑢3
𝜏 (1 − 𝑦/𝐻)3/2

𝑦
, (𝜀𝑢 − 𝐷)𝐵 ≈ 𝑘2

𝑢3
𝑓

𝐻
, (C 7)

where 𝑘1 and 𝑘2 are phenomenological fit parameters. Substitution of equations (C 3), (C 5), and (C 7) into
equation (C 2) gives

d𝑢
d𝑦

≈ 𝑘1𝑢𝜏
(1 − 𝑦/𝐻)1/2

𝑦
+

𝑘2𝑢
3
𝑓
/𝐻 − 𝐶1

𝑢2
𝜏 (1 − 𝑦/𝐻)

. (C 8)

After nondimensionalisation, this leads to equation (3.20) with

𝐴 = 𝑘1, 𝐵 =
(𝑘2𝑢

3
𝑓
/𝐻 − 𝐶1)𝐻
𝑢3
𝜏

. (C 9)
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Figure 28. Wall-normal profiles of 𝑁𝑢local and its convective and conductive contributions at 𝑅𝑒𝑏 = 2850 for
(a) 𝑅𝑖𝑏 = 0.017, (b) 0.17, (c) 1.7, and (d) 17. The corresponding Rayleigh numbers are 105, 106, 107 and 108,
respectively.
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Figure 29. Case-specific coefficients in the reduced TKE-budget reconstruction for the velocity-dip cases. (a)
coefficient 𝐴 and (b) coefficient 𝐵.

The fitted values in figure 29 vary widely with 𝑅𝑎 and 𝑅𝑒𝑏 , and do not collapse to universal functions of 𝑅𝑖𝑏 .
Therefore, the relation is restricted to case-by-case reconstruction.
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