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We investigate eddy-viscosity distributions in pressure-driven wall turbulence for three canonical configurations: plane closed-
channel flow, open-channel flow with a free-slip surface, and pipe flow. Using direct numerical simulation (DNS) databases span-
ning friction Reynolds numbers Re, = 2000-12000, we infer the eddy viscosity from one-point statistics through the Boussinesq
relation. The DNS-inferred eddy viscosity displays configuration-dependent behavior in the outer region, indicating that a single
full-depth expression is not uniformly accurate for all three configurations. Building on the interpretation of eddy viscosity as the
product of a velocity scale and a length scale, we extend the log-law scaling into the outer region. Specifically, we adopt a stress-
based velocity scale and introduce an outer correction function to capture the remaining dependence on the outer coordinate. We
then embed a compact parametric form of this correction into a Cess-type framework with van Driest near-wall damping, yielding
a full-depth eddy-viscosity model. We assess the model using eddy-viscosity profiles, the log-law indicator function, and skin
friction. The results show that the proposed model yields noticeable improvement for open-channel flow while remaining com-
parable to the classical Cess model for closed-channel flow and pipe flow. These findings underscore the role of outer boundary

conditions in shaping the outer-region eddy viscosity and, consequently, mean-flow predictions.
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1.  Introduction

Pressure-driven wall-bounded turbulence, sustained by an
imposed streamwise pressure gradient (or an equivalent
body force in numerical simulations), is ubiquitous in both
natural and engineered systems and plays a central role
in drag reduction and flow control [1, 2], as well as in
mixing and transport processes [3-6].
tal flows, wall turbulence with a free surface is directly
relevant to rivers, lakes, and oceanic currents [7]. In
mechanical engineering applications, wall turbulence ac-
counts for a substantial fraction of the energy dissipated
during fluid transport through pipes and channels [8-11].

In environmen-
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Canonical fully developed pressure-driven configurations, in-
cluding plane closed-channel flow with no-slip walls at both
the top and bottom, open-channel flow with a free-slip sur-
face, and pipe flow, share a common driving mechanism but
differ in geometry and boundary conditions. The dominant
control parameter in these systems is the friction Reynolds
number Re., which characterizes the intensity of near-wall
shear [12-14, 19], whereas a key response parameter is the
skin-friction coefficient C'y, which quantifies the wall-shear
drag normalized by the bulk flow [15].

In wall turbulence, the mean streamwise velocity profile
is a primary observable [16-18]. Its variation with wall-
normal distance reflects the fact that different physical mech-
anisms dominate at different heights. In the viscous sub-
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layer, the velocity increases linearly with distance from the
wall [20]. In the overlap region, a logarithmic law emerges
from the approximately constant Reynolds shear stress to-
gether with a mixing-length argument, according to which
the characteristic turbulent length scale grows linearly with
the wall distance on a semi-logarithmic scale [20-23]. Farther
from the wall, the decay of stress and the saturation of outer
length scales motivate velocity-defect and wake descriptions
[24-26]. Importantly, these classical viewpoints can also be
reinterpreted in terms of the implied eddy-viscosity distribu-
tion 1 (y), thereby providing a direct link between velocity
laws and closure modeling.

For wall turbulence, simple “zero-equation” constructions
remain attractive because they provide explicit links among
v¢(y), the mean momentum balance, and composite veloc-
ity laws, making them convenient baseline models for both
Reynolds-averaged Navier—Stokes (RANS) simulations [27]
and wall-modeled large-eddy simulations (LES) [28, 29].
For example, Liu et al. [30] developed an accurate total-
shear-stress-conserving wall model that incorporates an eddy-
viscosity modification and delivers robust predictions of skin
friction and low-order turbulence statistics. Among such
“zero-equation” constructions, the classical Cess profile com-
bines near-wall damping [31] with an outer-region Reichardt-
type form [16] and has long served as a convenient baseline
model [32-36], as summarized in Section 2. In resolvent anal-
ysis, Ying et al. [37] optimize an eddy-viscosity profile by
adjusting the classical Cess profile as a function of Re, and
disturbance scales, thereby significantly improving the agree-
ment between resolvent modes and DNS results. A similar
Cess-type approach is adopted by Sun [38], who extends a
Prandtl-van Driest mixing-length closure to account for the
effects of both the bottom and top walls. Nevertheless, mod-
ern high- Re databases [12-14,39-46] suggest that the outer-
region behavior of v; is not fully universal among closed-
channel flow, open-channel flow, and pipe flow, thereby mo-
tivating a configuration-aware refinement of the outer-region
eddy-viscosity representation.

Motivated by recent advances in high-Re direct numeri-
cal simulations [12-14, 39-46] and renewed interest in eddy
viscosity for turbulence modeling and analysis, we revisit v
in pressure-driven wall turbulence from a comparative per-
spective across configurations. At low to moderate Reynolds
numbers, limited scale separation causes inner viscous ef-
fects to contaminate the outer layer. Only at sufficiently high
Reynolds numbers does the geometry-dependent outer-layer
profile become evident, enabling the extraction of asymptoti-
cally robust, configuration-specific outer-correction parame-
ters. Using the mean velocity, Reynolds shear stress, and the
exact mean momentum balance, we infer full-depth or full-
radius distributions of v4(y) for closed-channel flow, open-

777-2

channel flow, and pipe flow. We show that the classical Cess
model [32] performs poorly in the outer region and there-
fore propose a revised outer correction function to represent
the outer-region eddy-viscosity distribution. Embedding this
outer component into a Cess-type framework yields a closed-
form expression for v;(y) that is applicable over the full depth
or radius, providing a useful baseline for future studies of
wall modeling, stability, and resolvent-based linear analysis
across configurations. The remainder of the paper is orga-
nized as follows. Section 2 summarizes representative eddy-
viscosity models in wall turbulence. Section 3 describes the
DNS databases for closed-channel flow, open-channel flow,
and pipe flow. Section 4 presents a comprehensive analy-
sis of eddy-viscosity distributions, modeling, and validation.
Section 5 summarizes the main findings of the present work.

2. Overview of representative eddy-viscous mod-
els in wall turbulence

Eddy-viscosity closures formalize the link between the mean
momentum balance and turbulent transport through the
Boussinesq hypothesis [20], whereby the Reynolds shear
stress is modeled as

e =2 M
dy

where u and v denote the streamwise and wall-normal (or ra-

dial) velocity components, respectively, the overbar denotes

time averaging, and primes denote fluctuations. A convenient

interpretation is to express the eddy viscosity as the product

of a velocity scale u. and a characteristic length scale ¢ [20]:

ve = uc . 2

In the classical overlap region at sufficiently high Reynolds
number, the viscous stress is negligible compared with the
turbulent stress, i.e., v du/dy < —u'v’, where v is the kine-
matic viscosity. The Reynolds shear stress is then approxi-
mately constant, —uv = uf, where wu, is the friction veloc-
ity. The velocity scale can then be taken as u. ~ \/ —u/v ~
u,. Taking the mixing length to be ¢ = ¢, = xy [21,22],
where & is the von Karman constant, we obtain the classical
log-law expressions for the eddy viscosity and mean shear:

di  u,
Vo= urky, =T 3)
dy Ky
along with the log-law velocity profile
" =(1/k)Iny" + B, (4)

Here B is a constant; specifically, B = 5.2 for closed-
channel flow [20], B = 4.21 for open-channel flow [44], and
B = 4.53 for pipe flow [13].
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However, the log-law scaling breaks down near the wall,
where viscous effects become significant. A widely used
remedy is the van Driest damping function g(y™) [31], which
attenuates the effective length scale £ as y*+ — 0 while recov-
ering the overlap-region form ¢,,, = ky:

)

Uy) = ryg(y™), gly")=1-e¥ /4, (5)

where y™ = yu, /v and A is an empirical constant. Accord-
ingly, the near-wall eddy viscosity may be written as

Vi :u‘rﬁyg<y+)7 (6)

which reduces to Eq. (3) for large 4y and provides the correct
damping as the wall is approached.

Outside the overlap region, the mean profile is influenced
by outer-layer dynamics and geometry-specific boundary
conditions, such as centerline symmetry in closed-channel
and pipe flows and a free-slip surface in open-channel flow.
Reichardt [16] proposed a widely used composite mean-
velocity representation for pipe flow that provides a smooth
transition from the inner to the outer region, which may be
written as
vy KRe,

— 2y(1 _ 2
= 3 (0.5 +7°)(1 —r9), (N

Here, r denotes the radial coordinate normalized by the pipe
radius, and Re, = wu,d/v is the friction Reynolds number,
with 0 equal to the half-height h for closed-channel flows, the
full depth A for open-channel flows, and the radius R for pipe
flow. Although this representation was originally derived for
pipe flow, incorporating it into the classical Cess model (see
Eq. 12) allows it to be extended directly to closed-channel
flow [35], yielding a level of agreement with DNS similar to
that obtained in pipe flow.

A complementary viewpoint is offered by Townsend’s
velocity-defect framework [26], which may be rationalized
by assuming an approximately uniform eddy viscosity in the
outer region:

vy R Vg . = const. ®)

In the outer region of fully developed pressure-driven wall
flows, the Reynolds shear stress satisfies —u/v/ ~ u2(1 —
y/d). Substituting this relation into Eq. (1) gives

— du Y du  u? Y
! = a2 _Z — ~ = —=).

WO E gy T (1 5) Ly . (1 5)

©))

Introducing " = %/u, then leads to

du™ y Uro
—— xR, (1—-2), R, = , 10
T ~ P (1-5) Ve (10)

and integrating this expression from y to the centerline at
y = 0 yields a quadratic defect form,

2
ua—u*(y)x%(l—%) : (11)
where u(; denotes the centerline velocity at y* = Re.. The
prefactor R is directly tied to the assumed outer eddy vis-
cosity: a larger (more diffusive) 14 . implies a smaller de-
fect amplitude. Empirically, R takes values of 14 in closed-
channel flow [41], 16 in open-channel flow (based on a fit over
y/d > 0.6), and 16 in pipe flow [13].

Full-depth algebraic eddy-viscosity models can be con-
structed by combining a near-wall damping component with
an outer-layer representation in a single closed-form expres-
sion. A classical example is the Cess model [32,33], which
blends van Driest-type damping (Eq. 6) with a Reichardt-type
outer structure (Eq. 7) and may be written compactly as

1 R 2) 1?2
2 ROEr 1 _ 2 2y (1 _ p—2d/A _
" 2{14{ (1 zc)(1+226)(1 e )}} :

12)

where z. = 1 —y/d, 25 = Re, (1 —|y/d|), and A is the
same damping constant as in Eq. (6). In the present study,
fitting across datasets for y©™ < 100 gives A = 26.95 for
closed-channel flow, A = 24.88 for open-channel flow, and
A = 25.71 for pipe flow. Figure 1 summarizes these rep-
resentative constructions in the near-wall, overlap, and outer
regions and highlights how region-wise building blocks can
be combined into full-depth expressions, thereby providing a
baseline for subsequent modifications targeting outer-region
behavior under different boundary conditions.

Beyond algebraic models, eddy viscosity can also be ob-
tained from transport-equation closures. A prototypical ex-
ample is the two-equation k— model [47], for which

2
vy = Cuk—7 (13)
€
where k is the turbulent kinetic energy, ¢ is the dissipa-
tion rate, and C,, ~ 0.09 in the standard formulation. For
the datasets considered here, independent fits to the closed-
channel and pipe-flow cases yield C,, = 0.06 for both config-
urations. This transport-based baseline is included for com-
parison with the algebraic eddy-viscosity representations in-
troduced above.

3. DNS databases of pressure-driven wall turbu-
lence at high-Reynolds-number

This study draws on publicly available direct numerical
simulation (DNS) databases for three canonical pressure-

b
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Schematic overview of representative eddy-viscosity models. (a) Region-wise constructions, in which different ex-

pressions are adopted in the near-wall, overlap, and outer regions. (b) Full-depth formulations obtained by combining near-wall
and outer components. The classical Cess model (Eq. 12) combines a Reichardt-type outer representation (Eq. 7) with a van Dri-
est damping function in the near-wall region (Eq. 6). The present model retains the same near-wall damping (Eq. 6) but replaces
the Cess/Reichardt outer component with the proposed outer correction function (Eq. 21 in Section 4.2), thereby preserving
identical near-wall behavior while introducing differences primarily in the outer region. The vertical dashed line indicates the
centerline in closed-channel and pipe flows or the free-slip surface in open-channel flow.

driven wall-bounded flows: plane closed-channel flow, open-
channel flow with a free-slip surface, and pipe flow. The se-
lected datasets span friction Reynolds numbers from Re, ~
2000 to 12000 and provide one-point statistics, including
the mean velocity and Reynolds shear stress.
cases, higher-order statistics and Reynolds-stress budgets
are also available and are used for cross-checks and model
diagnostics. For clarity of presentation and to facilitate
inter-configuration comparisons, we group the cases into
seven nominal friction-Reynolds-number bins: Re, =~
2000, 3000, 4000, 5000, 6000, 10000, and 12000.

In some

3.1 Key definitions and notation

For all configurations, we adopt inner scaling based on the
friction velocity:

Ur =/ Tw/ 5 (14)

where 7, is the mean wall shear stress and p is the fluid den-
sity. The friction Reynolds number is defined as

Re, = "0 (15)
14

where ¢ denotes the maximum distance from the wall, namely
the half-height h for closed-channel flow, the full depth h
for open-channel flow, and the radius R for pipe flow. Inner
(“+7) variables are normalized by the viscous length scale
8, = v/u,. Accordingly, ut = wu/u, and y* = y/d,,
where y denotes the distance from the nearest solid wall. For
closed-channel and open-channel flows, we use Cartesian co-
ordinates (z, y, z) for the streamwise, wall-normal, and span-
wise directions, respectively. For pipe flow, we use cylin-
drical coordinates (x,r, 8), where z is the axial (streamwise)

direction, r is the radial coordinate measured from the center-
line, and 0 is the azimuthal direction. The wall-normal dis-
tance is then defined asy = R—r, so thaty™ = (R—7r)/4,.

3.2 Closed-channel flow databases

For closed-channel flow, we draw on four complementary
DNS datasets: (i) Hoyas and Jiménez [39,40] (up to Re, ~
2003); (ii) Bernardini et al. [41] (up to Re, ~ 4079); (iii)
Lee and Moser [12] (up to Re, ~ 5186); and (iv) Hoyas et al.
[42] together with Oberlack et al. [43] (up to Re, ~ 10000).
The key simulation parameters are summarized in Table 1.

3.3 Open-channel flow databases

For open-channel flow, we draw on two complementary DNS
datasets: (i) Yaoetal. [14] (up to Re, =~ 2006) and (ii) Piroz-
zoli [44] (up to Re, =~ 6010). The key simulation parameters
are summarized in Table 2.

3.4  Pipe flow databases

For pipe flow, we draw on three complementary DNS
datasets: (i) Yao et al. [45] (up to Re, ~ 5197), (ii) Piroz-
zoli et al. [13] (up to Re, =~ 6019), and (iii) Pirozzoli [46]
(up to Re, =~ 12055). The key simulation parameters are
summarized in Table 3.

4. Results and discussion

4.1 Wall-normal profile of eddy viscosity
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Table 1 Summary of the closed-channel-flow DNS datasets used in this study. The table lists the case identifier, friction
Reynolds number Re,, computational domain size L, x L, x L, streamwise and spanwise grid resolutions in inner units
(Az™ and AzT), the wall-normal grid spacing at the wall and its maximum value (Ay,} and Ay, ), the number of wall-normal

grid points N,, and the eddy-turnover time (ETT) covered by the statistically sampled record. The last two columns give the
reference source and the plotting symbol adopted throughout the paper.

Case Re, LyxLyxL, Axt Azt Ayl Ayt. N, ETIT Ref Symbol
CCF1Re2000 2003 8wh x 2h x 3wh 12 6.1 - 89 633 11 Hoyas and Jiménez [39,40] O
CCF2Re2000 2022 67h x 2h x 2wh 93 6.2 0.01 - 768 14.9 Bernardini et al. [41] O
CCF2Re4000 4079 67h x 2h x 2wh 94 62 0.01 - 1024 8.54 '

CCF3Re5000 5186 8mh x 2h x 3wh 12.7 6.4 0498 103 1536 7.80 Lee and Moser [12] VAN
CCF4Rel10000 10000 27wh x 2h xwh 153 7.6 03 12 2101 19.8 Hoyas et al. [42], Oberlack et al. [43] %4

Table2 Summary of the open-channel-flow DNS datasets used in this study. The table lists the case identifier, friction Reynolds
number e, computational domain size L, x L, x L, streamwise and spanwise grid resolutions in inner units (AxT and Az™T),
the wall-normal grid spacing at the wall and its maximum value (Ay} and Ayt ), the number of wall-normal grid points IV,
and the eddy-turnover time (ETT) covered by the statistically sampled record. The last two columns give the reference source

and the plotting symbol adopted throughout the paper.

Case Re; Lz xLyxL, Azt Azt Ayf; Aynfax N, ETT Ref Symbol
OCF1Re2000 2006 8wh x h x 4wh 123 62 0.09 38 768 10.1 Yaoetal. [14] \V4
OCF2Re2000 2002 6wh x h x 2rh 85 40 <01 - 265 276
OCF2Re3000 3009 6mwh x h x2rh 85 40 <01 - 355 44.0 Pirozzoli [44] O
OCF2Re6000 6010 67h x h x2wh 85 40 <01 - 591 234

Figure 2 compares the wall-normal profiles of eddy viscosity
in pressure-driven wall turbulence for closed-channel flow,
open-channel flow, and pipe flow. Using DNS one-point
statistics, an effective eddy viscosity can be inferred from
Eq. (1) as 4(y) = —u/v'/(du/dy) and is reported in nondi-
mensional form as v /v versus the outer coordinate y/J. At
the outer boundary, y = 4, the mean velocity gradient van-
ishes, leading to a formal 0/0 singularity in the Boussinesq re-
lation. Consequently, the DNS-inferred eddy viscosity eval-
uated at the centerline or free surface is sensitive to numerical
differentiation errors and often exhibits unphysical jumps or
scatter, particularly in pipe flow owing to the cylindrical grid
arrangement. Therefore, although the physical limiting be-
havior is a finite v/, under centerline symmetry and a vanishing
1, at a free-slip surface, data points in the immediate vicinity
of the boundary are regarded as numerically unreliable. In all
subsequent quantitative fitting procedures, we exclude the fi-
nal grid point for closed- and open-channel flows and impose
an upper cutoff of y/5 = 0.98 for pipe flow to ensure robust
calibration.

As shown in Fig. 2, v;/v increases rapidly away from
the wall in all three configurations and reaches a maximum
of order 102103 in viscous units, reflecting the dominance
of turbulent transport over most of the cross-section at high
Reynolds numbers. However, the outer-region behavior is not
universal across the three configurations. In particular, both
the wall-normal variation and the magnitude of v;/v near

the outer boundary (i.e., the centerline in closed-channel and
pipe flows, and the free surface in open-channel flow) depend
on the configuration, indicating that Townsend’s assump-
tion of a uniform outer eddy viscosity [26] is not generally
valid. Moreover, neither the classical Cess model (Eq. 12)
nor a DNS-based k—¢ estimate (Eq. 13) reproduces the DNS-
inferred eddy-viscosity distribution consistently across all
three configurations, with the largest discrepancies occurring
in the outer region. This limitation of the classical Cess model
(Eq. 12) is unsurprising, because the Reichardt outer repre-
sentation (Eq. 7) was originally developed for pipe flow and
calibrated at comparatively low Reynolds numbers. Moti-
vated by these observations, we introduce a DNS-informed
outer correction function (Section 4.2, Eq. 21) that captures
the configuration-dependent outer behavior at high Reynolds
numbers and, when embedded in a Cess-type framework
(Section 4.2, Eq. 32), yields improved full-depth predictions
for closed-channel flow, open-channel flow, and pipe flow.

4.2 Outer correction function and a new global model

To develop an eddy-viscosity model that is robust across con-
figurations, we first examine the wall-normal distribution of
the Reynolds shear stress. For incompressible, fully devel-
oped pressure-driven flows, the mean streamwise momentum
balance yields an exact expression for the total shear stress,
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Table 3 Summary of the pipe-flow DNS datasets used in this study. The table lists the case identifier, friction Reynolds number
Re., axial length L, axial and azimuthal grid resolutions in inner units (Az™ and A(R#)™), the radial grid spacing at the wall
and its maximum value (Ar; and Ar}, ), the number of radial grid points N, and the eddy-turnover time (ETT) covered by
the statistically sampled record. The last two columns give the reference source and the plotting symbol adopted throughout the

paper.

Case Re, L, Axz™ AROT Arl Ari, N, ETT Ref Symbol
PFIRe2000 2001 107K 102 49 01 39 768 97 "0 " o N
PFIRe5000 5197 107R 128 63 02 86 1024 46 :

PF2Re2000 1976 15R 10 45 005 — 399 224
PF2Re3000 3028 15R 10 45 005 — 540 16.6 Pirozzolietal [13] D
PF2Re6000 6019 15R 10 45 005 - 910 832
PF3Re2000 1972 15R 10 41 005 — 243 45.1
PR3RE3000 3027 15R 10 41 005 327 269 Lo 4
PE3Re6000 6006 15R 10 41 005 — 546 182
PF3Re12000 12055 15R 10 41 005 — 1024 6.99

(@ g9 (©) 999 (©) 900

600 600 |- 600
2 2 2
Ry I T T T T TR X | A e

300 - 77 300

1 " 1 n 1 " 1 n Ov f 1 " 1 " 1 " 1 n y .,“ 1 L 1 1 1
02 04 06 0.8 1 0 02 04 06 0.8 1 0 0.2 04 0.6
y/d y/o y/d
[ R | NI Re
2000 3000 4000 5000 6000 10000 12000

L 1 L
0.8 1

Classical Cess model k-¢ model New global model
Figure 2 Wall-normal profiles of the eddy viscosity, v /v, for (a) plane closed-channel flow, (b) open-channel flow, and (c)
pipe flow at representative values of Re.. The results are compared with the classical Cess model (Eq. 12), a DNS-based k—¢
estimate (Eq. 13), and the new global model (Eq. 32), which is formulated within a Cess-type framework using the proposed
outer correction function (Eq. 21). Symbols denote DNS data from Tables 1, 2, and 3. The wall-normal coordinate is normalized
by d, where § = h for closed-channel and open-channel flows and § = R for pipe flow; in the latter case, y = R — r.

i.e., the sum of the viscous and Reynolds stresses: [12,13,48]. The behavior of the peak Reynolds stress may
also be interpreted in light of the work of Chen and Sreeni-

Tot(y) = p (1/ Zj — W) , (16) vasan [49-52], who proposed a unified asymptotic interpreta-
Y tion of wall-turbulence fluctuations in which near-wall dissi-

which varies linearly with wall-normal distance. Specifically, ~ Pation, constrained by an upper bound on near-wall produc-
for pressure-driven wall turbulence, 7 () = pu2(1 — y/d); tion in wall units, remains finite as the Reynolds number in-

normalizing by the wall shear stress 7, = pu2 then gives creases. Within this framework, several canonical near-wall
7

statistics, including peak turbulence intensities, approach fi-
-1-7 a7 nite high-Re limits, with finite-Re effects following a con-
Tw 0 sistent defect-type scaling. Using this scaling, they rational-
ized complete wall-normal profiles and, more recently, ex-
tended the analysis to higher-order velocity moments. This
framework therefore provides a reliable alternative to gen-
eralized logarithmic representations based on attached-eddy
ideas [26] for channels, pipes, and turbulent boundary layers.

Ttot

Figure 3 shows the Reynolds shear stress, —u/to't, ex-
tracted from DNS. In semi-logarithmic coordinates (Fig. 3a—
¢), the Reynolds shear stress exhibits a broad, nearly con-
stant plateau over an intermediate range, typically beginning
around y* =& 100 at sufficiently high Reynolds numbers
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Figure 3 Wall-normal profiles of the Reynolds shear stress, —u/*v’*, for (a,d) closed-channel flow, (b,e) open-channel flow,
and (c,f) pipe flow at representative Re,. The DNS data are shown in semi-logarithmic coordinates in (a—c) to highlight the
near-constant-stress layer and in linear coordinates in (d—f) to emphasize the outer-region variation. Symbols denote DNS results
from Tables 1, 2, and 3. The black solid line in (d—f) denotes the exact total-stress distribution, 1 —y/J, where 6 = h for closed-
and open-channel flows and § = R for pipe flow, withy = R — r.

In linear coordinates (Fig. 3d—f), as y /¢ increases, the viscous
stress pv du/dy becomes negligible, and the Reynolds stress
—pu/v’ closely follows the total shear stress, which decreases
approximately linearly [26].

Following the velocity- and length-scale interpretation un-
derlying the log law [20], we extend the eddy-viscosity rep-
resentation into the outer region. Specifically, we modify
the velocity scale to reflect the approximately linear stress
distribution in the outer layer. Because —pu/v' ~ 7o =
Tw(1 — y/J) in the outer region, we define a local velocity
scale as

uc(y) = V—uv mury /1 - %

We retain the mixing-length form for the characteristic length

(18)

scale, /,,, = Ky, because the wall distance remains the rele-
vant geometric measure governing shear-driven mixing over
much of the cross-section. However, the DNS data in Fig. 3
indicate that the outer behavior depends primarily on the outer
coordinate y/J0. In the logarithmic layer, by contrast, the
mixing-length argument gives vy /v = (u,ky)/v = Ky*
(Eq. 3), implying that the ¢,,, = xy scaling alone cannot cap-

ture the configuration-dependent variations observed in the
outer region. We therefore introduce an outer correction fac-
tor f(y/J) to account for outer-scaling effects in the turbulent
length scale. The outer-region eddy viscosity is then written
as the product of a velocity scale u.(y) and a length scale (y)
[20,21]:

ve = uc(y) £(y)
= ue(y) b £ (%)

w4 1(2)

This relation provides a convenient diagnostic for extracting
the correction function directly from DNS one-point statis-
tics:

I(5) - i

where 14 (y) is inferred from DNS as v; = —u/v'/(du/dy).
Figure 4 shows the resulting profiles of « f (y/d) for closed-

channel flow, open-channel flow, and pipe flow. Within the

outer region (i.e., the shaded region in Fig. 4), the extracted

19)

) (20)
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kf(y/d) exhibits only weak Reynolds-number dependence,
whereas its wall-normal variation is clearly configuration de-
pendent. In closed-channel flow and pipe flow, xf(y/d) de-
creases with increasing y/d over a substantial portion of the
cross-section and then turns upward as the centerline is ap-
proached (see Figs. 4a and 4c), indicating a non-monotonic
trend. By contrast, in open-channel flow, x f(y/J) decreases
monotonically toward the free surface, reflecting the differ-
ent outer boundary condition and the associated redistribu-
tion of turbulent transport. These trends help explain why
the Reichardt outer representation (Eq. 7) does not generalize
to pressure-driven wall flows without a configuration-specific
correction. To capture the observed behavior in a compact an-
alytic form, we propose

i (2) =10 (12)"

where the parameters «, p, and ¢ are calibrated against the
DNS data.

It should be acknowledged that Eq. 21 is a phenomeno-
logical, data-informed ansatz, rather than a result derived
from first principles such as asymptotic theory or attached-
eddy arguments. Nevertheless, its construction is guided
by physical constraints and by the historical development of
eddy-viscosity modeling. The proposed formulation follows
the philosophy of the classical Cess framework, which like-
wise introduces a multiplicative outer correction through the
phenomenological Reichardt polynomial (1 — 22)(1 + 222)
(Eq. 7). However, this polynomial form is overly rigid be-
cause it is hardwired to enforce centerline symmetry and
is therefore unable to accommodate the monotonic, free-
surface-driven decay observed in open-channel flow. By
generalizing the outer-coordinate dependence into adjustable
power-law factors, the present form provides a compact ex-
tension of the classical outer representation. Specifically, the
term (1—y/&)? acts as an asymptotic controller near the outer
boundary, determining whether the eddy viscosity vanishes
explicitly, as in open-channel flow, or remains quasi-finite,
as in symmetric closed-channel and pipe flows; the term
(1 + y/6)? modulates the interior wake-like redistribution
of turbulent scales. Although this representation introduces
more free parameters than the Reichardt model, these param-
eters can be treated as configuration-specific constants for a
given flow type, rather than as Reynolds-number-dependent
tuning parameters. We do not claim that this formulation is
mathematically unique; rather, we adopt it because it offers
a favorable balance among analytical simplicity, physical in-
terpretability, and the flexibility required to capture the di-
verse configuration-dependent outer-layer trends observed in
the DNS data.

In practice, the parameters «, p, and g are determined by
fitting the DNS data over the relevant outer-region interval,
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0.20 < y/d < 1, excluding the singular region near the
boundary discussed in Section 4.1. The fitted values are listed
in Table 4. The choice of this interval reflects a compromise
between physical consistency and full-depth predictive accu-
racy. As reported by Lee and Moser [12], the logarithmic
region extends to yT ~ 800 at Re, =~ 5200, corresponding
to y/6 = 0.15. Thus, setting the lower bound to y/é = 0.20
safely excludes the logarithmic region and ensures that the
fitting targets only outer-region behavior, for which the linear
total-stress assumption is robust. Sensitivity tests show that
narrowing the interval further artificially increases the param-
eter o in closed-channel and pipe flows, leading to an overpre-
diction of the reconstructed mean velocity. The resulting fit
over 0.20 < y/0 < 1 reproduces the DNS-inferred x f(y/9)
well across all three configurations and thus provides an es-
sential ingredient for constructing the global eddy-viscosity
model.

We now construct an explicit full-depth eddy-viscosity ex-
pression by combining a near-wall damping function with
the present outer correction, following the classical Cess-type
methodology [33, 38]. Using the total shear-stress relation
(Eq. 16) together with the Boussinesq hypothesis (Eq. 1), the
mean momentum balance can be written in the compact form

du Ttot
v4+uy)—=—. (22)
dy p
To obtain an analytical closure for 14 while retaining full-
depth applicability, we adopt a Prandtl-type mixing-length
argument. Introducing a characteristic length £(y), we define
the associated velocity scale based on the local mean shear as

du

a| (23)

Ue =4

The same velocity scale may also be estimated from the
Reynolds shear stress as —u/v’ ~ u2, which gives

2
T = (dﬂ) . 24)
dy

Combining this estimate with the Boussinesq relation yields
a convenient identity linking the eddy viscosity to the charac-
teristic length,

vy = dej

y (25)

Substituting Eq. (25) into Eq. (22) yields a quadratic equation
for the mean shear, S = du/dy:

282 4 ys — Tt g (26)
p
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closed- and open-channel flows and § = R for pipe flow, withy = R — 7.

Table 4 Parameters used in the outer correction function (Eq. 21) and the proposed global model (Eq. 32). The von Kdrmén
constant, k, is taken from [20] for closed-channel flow, from [44] for open-channel flow, and from [13] for pipe flow. The
parameters «, p, ¢, and the damping constant A are calibrated over the fitting interval 0.20 < y/§ < 1.

System K « P q A
Closed-channel flow 0410 151 —-0.46 —3.17 44.33
Open-channel flow 0.375 1.03 0.20 —0.54 26.06
Pipe flow 0387 146 —-0.43 —3.38 4046
Because @ increases away from the wall, the mean shear is fy/o):
positive, and we therefore take y
U(y) = lm f(g) 9(y™)

—v 4 V2 + 42 Tt/ p

S = 27
Y 27
The corresponding eddy viscosity then follows as
— 2+ 402
e EZS — v+ Ve + Ttol/p. (28)

2

Using Eq. (17) together with the viscous length scale 6, =
v/u., this expression can be written in nondimensional form
as

e ]

where (T = (/5, = lu, /v.

To complete the eddy-viscosity model, it remains to specify
a continuous full-depth characteristic length scale ¢(y). In the
near-wall region, we adopt a van Driest-type damping func-
tion g(y ™) given by Eq. 5 to recover the correct viscous- and
buffer-layer behavior, while retaining the standard mixing-

(29)

length scaling ¢,,, = ky as the baseline length scale. To incor-
porate the configuration-dependent outer behavior identified
in Fig. 4, we multiply /,,, by the present outer correction factor

= Kay (1_%)1’ (1+%)q (1—e*y+/A). 30)

Here, A is a configuration-dependent constant. With these
definitions, the global eddy viscosity becomes a closed-form
function of y:

vi 1 y\* v\ ¥ 2 y 1
= + — Z Z —_ e /A I J—
> 2\/14-4[5&3; (1 6> (1+6> (1 e—v )] -3 5

€29

Equivalently, absorbing the factor (1 — y/8)Y/? into the
squared term yields the more compact form

e (3 ey ()

(32)

This expression retains the analytical structure of the Cess
model, but replaces the Reichardt outer representation in
Eq. 7 with the present correction function f(y/d), thereby en-
abling a single full-depth formulation that remains accurate
for closed-channel flow, open-channel flow, and pipe flow.
We refer to Eq. (32) as the new global model, which may be

1
3"
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viewed as a modified Cess model. The configuration-specific
values of A used in Eq. (32) are listed in Table 4. Figure 2
compares the DNS eddy-viscosity distribution with the clas-
sical Cess model of Eq. 12, the DNS-based k—¢ estimate of
Eq. 13, and the new model of Eq. 32. Owing to the introduc-
tion of configuration-specific constants, the new model agrees
better with the DNS data than the other global models, espe-
cially for open-channel flow.

To provide a clearer physical interpretation of the proposed
modifications, Fig. 5 compares the characteristic length scales
in the three configurations. For the DNS data, the character-
istic length scale is extracted from the mean-momentum rela-
tion (Eq. 26), yielding

. 1—y/5—S+]Y?
s = | —(smr—| (33)
in inner units, where ST = du™ /dy*. For the classical

Cess model, based on Eq. 12 together with the general eddy-
viscosity form in Eq. 29, the implied characteristic length
scale can be obtained analytically as

shiee (1 22) (142:2) (1 e75/4)

= . 34
Cess 2 1— y/6 ( )
where

_4_ Y +_ Y
e=1-% = Re (1 5) , (35)

and A is the damping constant. For the present model,
the corresponding length scale is given explicitly in Eq. 30.
As shown in Fig. 5, the DNS-inferred length scales ex-
hibit clear configuration dependence in the outer region. In
closed-channel and pipe flows, {1 increases away from the
wall. By contrast, in open-channel flow, ¢* decreases as the
free surface is approached, reflecting a suppression of wake-
like outer-layer buildup [44]. Constrained by its universal
Reichardt-type outer representation, the classical Cess model
fails to capture this physically expected downturn near the free
surface and instead predicts an unphysical increase. By con-
trast, the new global model, augmented by the outer correc-
tion function f(y/0), captures these variations across the full
depth or radius in all three flows. Although the classical Cess
model remains slightly more accurate in the canonical log-
arithmic region for closed-channel and pipe flows, the main
advantage of the present model is its configuration-sensitive
description of the outer-region length scale, which translates
directly into improved predictions for open-channel flow.

4.3  Effects of the eddy-viscosity model on mean-flow ob-
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servables

We now assess the ability of the proposed eddy-viscosity
model to represent the mean shear by examining the logarith-
mic indicator function [44].

dut
_ .t
(y)=vy ar (36)

[1]

which provides a compact diagnostic of the mean-velocity
gradient in viscous units. In an ideal logarithmic layer (Eq. 3),
= = 1/k is constant, so departures from this plateau quantify
deviations from logarithmic behavior. For eddy-viscosity-
based closures, = can be evaluated directly from the total-
stress relation (Eqs. 17 and 22), yielding

yt(-3)

37
142 G7

E(y) =
Hence, = can be computed from v (y) for both the classical
Cess model of Eq. 12 and our present model of Eq. 32. For
Townsend’s velocity-defect law [26], = is obtained by differ-
entiating the corresponding defect-law mean profile given by
Eq. 10 under the same nondimensionalization.

Figures 6(a—c) show = as a function of y/0 in linear co-
ordinates. Across closed-channel flow, open-channel flow,
and pipe flow, Townsend’s defect-law prediction [26] shows
noticeable discrepancies in the outer region relative to the
two eddy-viscosity models and does not reproduce the DNS
trends consistently across the three configurations. By con-
trast, both full-depth eddy-viscosity models (i.e., the classical
Cess model and the present model) track the DNS-based indi-
cator function more closely, indicating that enforcing the lin-
ear total-stress constraint through a full-depth v (y) is impor-
tant for predicting the outer-region shear. The improvement
provided by the present model is most pronounced in open-
channel flow, whose outer-region behavior differs from that
of closed-channel flow and pipe flow. In closed-channel flow
and pipe flow, the present model closely follows the classical
Cess prediction. Because the outer-region shapes exhibit only
weak Reynolds-number dependence within the selected bins,
we plot the classical Cess and present-model curves only for
the highest- Re bin to avoid visual clutter, while showing the
DNS results for all cases.

Figures 6(d—f) highlight the behavior of = in the near-wall
and logarithmic regions by presenting it in semi-logarithmic
coordinates. Both eddy-viscosity-based models reproduce
the expected near-wall increase and the emergence of an ap-
proximately constant = over an intermediate range of 3+, con-
sistent with the presence of a logarithmic layer at sufficiently
high Reynolds numbers. However, as shown in Figs. 6(d,f)
for closed-channel and pipe flows, the new global model is
slightly less accurate than the optimized classical Cess model
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Figure 5 Wall-normal distributions of the characteristic length scale, {* = £ /8., for (a,d) closed-channel flow, (b,e) open-
channel flow, and (c,f) pipe flow at representative Re.,. Panels (a—c) show £ as a function of ¢/ in linear coordinates, whereas
panels (d—f) show the same quantity as a function of y™ in semi-logarithmic coordinates. Symbols denote DNS-extracted
characteristic length scales inferred from the mean-momentum relation. For clarity, the model curves are shown only for the
highest-Re, case in each configuration, whereas the DNS results are shown for all cases.

in the logarithmic region. The origin of this discrepancy lies
in the interaction between the extrapolated outer correction
and the limited spatial reach of the near-wall damping func-
tion. Because the proposed parametric outer correction is
primarily optimized to capture the outer-region physics for
y/d > 0.20, its inward extrapolation in symmetric flows ex-
hibits a noticeable upward trend as y/d — 0. This behavior
perturbs the pure sy scaling by increasing the implied length
scale in the overlap region. To maintain a robust full-depth ve-
locity profile, the global fitting procedure therefore requires a
compensatory increase in the near-wall damping constant A
(see Table 4). Although this stronger damping improves the
representation of the viscous sublayer and buffer layer, its ef-
fect is limited by the exponential form (1 —e v/ A), which
approaches unity in the logarithmic region. Consequently,
the damping function cannot fully suppress the mismatch that
propagates inward from the extrapolated outer correction. In
open-channel flow, where the extrapolated outer correction
remains monotonic, this issue is avoided, yielding a net im-
provement. By contrast, in closed-channel and pipe flows,
this interaction slightly perturbs the balance achieved by the
classical Cess model. This suggests that, although the present

outer correction is essential for cross-configuration robust-
ness, a more tailored inner damping function or a smoother
inner—outer matching strategy may be needed in future work
to optimize the logarithmic-region prediction fully.

We next assess the performance of our eddy-viscosity
model in predicting the mean velocity. For a prescribed eddy-
viscosity distribution v4(y), the total-stress relation yields the
mean shear,

_ 21— y)
du T\ "5) ( 8/ (38)
dy  v4u(y)
Because the resulting expression is algebraically cumbersome
for both the classical Cess model and the present model, we
do not pursue an analytical closed-form expression for @(y).
Instead, we reconstruct the mean velocity numerically as

u(y) = / —dy +C, (39)
0

where y is the wall-normal distance from the nearest solid
wall, ¢/ is a dummy integration variable, and C' is an inte-
gration constant. For the DNS data, C' = 0 naturally. For
the model-based reconstructions, however, small discrepan-
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dinates. Symbols denote DNS results from Tables 1, 2, and 3.

For clarity, in panels (a—c) the curves of the classical Cess model

(Eqg. 12) and the present model (Eq. 32) are shown only for the highest Reynolds-number bin in each configuration, whereas
DNS results are shown for all cases. Here, § = h for closed-channel and open-channel flows and § = R for pipe flow; in pipe

flow, the wall distance is definedasy = R — r.

cies in the predicted mean shear inevitably accumulate dur-
ing integration. Because our primary interest lies in the outer-
region behavior, we choose C such that the reconstructed pro-
file matches a reference outer velocity ug 1,» hamely the cen-
terline velocity in closed-channel and pipe flows and the free-
surface velocity in open-channel flow. This choice is consis-
tent with the velocity-defect representation in Fig. 7(a—c), in
which the defect is defined as ug;, — a™ [44].

Figures 7(a—c) show that, in the outer region, the present
model reproduces the DNS velocity defect more accurately
than Townsend’s defect law (Eq. 11). The improvement
is particularly clear in open-channel flow, consistent with
the configuration-dependent outer correction introduced in
Fig. 4. In closed-channel and pipe flows, the present model
yields defect profiles close to those obtained with the clas-
sical Cess model, indicating that the main benefit of the
present modification is to regularize the outer-region behav-
ior across different boundary conditions rather than to alter

the bulk defect scaling in these two configurations. Although
Townsend’s defect law [26] relies on the simplifying assump-
tion of an approximately uniform eddy viscosity in the outer
region, it remains practically applicable to closed-channel and
pipe flows. This helps explain its continued popularity as a
useful outer-region reference despite its limited interpretabil-
ity as a full-depth closure. A similar observation applies to
the classical Cess model in open-channel flow.

Figures 7(d—f) present the mean-velocity profiles in semi-
logarithmic coordinates. In open-channel flow, the present
model remains close to the DNS data over a broad wall-
normal range, and the apparent logarithmic region is com-
paratively long. In closed-channel and pipe flows, the present
model exhibits a modest mismatch in the logarithmic re-
gion relative to DNS, consistent with its slightly less accu-
rate prediction of the indicator function = = y* du™ /dy* in
Figs. 6(d,f). By contrast, the classical Cess model (Eq. 12)
performs slightly better in the logarithmic region for pipe
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flow. As a result, the mean-velocity profile predicted by the
present model is consistently higher than that predicted by
the classical Cess model in the near-wall region. This behav-
ior suggests that the remaining discrepancy is primarily as-
sociated with the near-wall damping/blending inherited from
the Cess-type framework rather than with the outer correc-
tion itself. It therefore points to a possible route for fur-
ther improvement, namely refining the near-wall treatment
while preserving the outer-region robustness achieved here.
Among the three configurations, open-channel flow exhibits
the longest apparent logarithmic region, which may be related
to a weaker wake component, as discussed by Pirozzoli [44].
This observation is consistent with the improved full-depth
agreement of the present model in open-channel flow and sup-
ports the view that the outer boundary condition, namely the
free-slip surface, plays an important role in shaping the outer
eddy viscosity and, consequently, the reconstructed mean ve-
locity.

We next discuss the Reynolds-number sensitivity and pre-
dictive robustness of these parameters. An a posteriori bin-
wise fitting analysis shows that, whereas the parameters for
open-channel flow are relatively stable, those for closed-
channel and pipe flows (particularly o and A) retain a mild
dependence on the friction Reynolds number. These parame-
ters are therefore not strictly Reynolds-number independent.
To assess the predictive robustness of using a single global
parameter set (Table 4) rather than Re.-specific parameters,
we quantified the weighted root-mean-square (RMS) errors
of the reconstructed mean-velocity profiles. The analysis (not
shown here for brevity) indicates that, although using a single
parameter set slightly increases the local error in the eddy-
viscosity distribution, the resulting RMS errors in the inte-
grated mean velocity 4 remain essentially identical to those
obtained with Re,-specific fits over the full Reynolds-number
range considered here. This result demonstrates that a sin-
gle, configuration-specific parameter set provides a robust
predictive baseline for high-Reynolds-number mean-flow re-
construction without requiring dynamic Re.-dependent tun-
ing. It is also useful to clarify the theoretical behavior of
the proposed model near the outer boundary, y = §. In the
present model (Eq. 32), the asymptotic scaling near y = ¢
is v; oc (1 — y/8)PT03, For open-channel flow, the fitted
value p = 0.20 yields a positive exponent, ensuring that the
modeled eddy viscosity vanishes smoothly at the free surface,
consistent with the free-slip boundary condition. For closed-
channel and pipe flows, a strictly finite centerline value would
require p = —0.5. Our unconstrained fits yield p = —0.46
and p = —0.43, respectively. Because these values are
slightly larger than —0.5, the modeled v, formally vanishes at
y = 0. However, because the exponent p + 0.5 remains very
small (approximately 0.04 and 0.07), the model retains a near-
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finite plateau that matches the DNS trend up to /6 ~ 0.99,
thereby providing a practically robust approximation without
artificially overconstraining the global fit.

We finally assess the predictive performance of the eddy-
viscosity model for skin friction, an integral quantity of prac-
tical engineering interest. For closed-channel and open-
channel flows, we define the skin-friction coeflicient [15]
based on the bulk velocity uy, as

2Tw
Cy=—, (40)
Y
For pipe flow, we report the friction factor [45],

8Tw

A= R (41)
For the DNS data, u; and 7, are taken directly from the
reported database statistics. For the classical Cess model
(Eq. 12) and the present model (Eq. 32), the bulk velocity
is defined as the cross-sectional average. Figure 8 compares
the corresponding friction quantities obtained from DNS with
those predicted by the models. The present model pro-
vides the clearest improvement for open-channel flow, where
the outer eddy-viscosity trend differs from those of closed-
channel and pipe flows. In closed-channel and pipe flows, the
present model yields friction levels close to those predicted by
the classical Cess model. We also observe a slight overpre-
diction of the friction level in closed-channel and pipe flows
relative to both DNS and the classical Cess model. This trend
is consistent with the slight deterioration of the logarithmic-
region shear (see Fig. 6), which affects the bulk-velocity in-
tegral and, consequently, the inferred friction level.

5. Conclusion

In this study, we revisited eddy-viscosity distributions in
high-Reynolds-number pressure-driven wall turbulence from
a comparative perspective across configurations, focusing on
closed-channel flow, open-channel flow with a free-slip sur-
face, and pipe flow. Using DNS one-point statistics, namely
the mean velocity and Reynolds shear stress, together with
the exact mean-momentum balance, we inferred the eddy-
viscosity distribution v4 over the full depth or radius and iden-
tified configuration-dependent trends in the outer region that
cannot be captured by a single conventional full-depth expres-
sion.

Interpreting v; as the product of a velocity scale and a
length scale, we extended this viewpoint into the outer re-
gion by defining a local velocity scale from the linear total-
stress distribution, u. & wu,;y/1 — y/0, while retaining the
mixing-length form ¢,, = ky. The remaining configura-
tion dependence was isolated in an outer correction factor
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Figure 7 Mean-velocity profiles reconstructed from eddy-viscosity models and compared with DNS for (a,d) closed-channel
flow, (b,e) open-channel flow, and (c,f) pipe flow at representative values of Re,. Panels (a—c) show the velocity-defect profiles
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velocity profiles are obtained by numerically integrating the predicted mean shear and are aligned by matching the centerline or
free-surface velocity. For clarity, in panels (a—c) the curves of the classical Cess model (Eq. 12) and the present model (Eq. 32)
are shown only for the highest Reynolds-number bin in each configuration, whereas DNS results are shown for all cases.

f, expressed as a function of y/d, which was extracted from
DNS and found to be only weakly sensitive to Reynolds num-
ber within the selected bins, while differing among closed-
channel, open-channel, and pipe flows. We proposed a com-
pact parametric representation of the outer correction x f
as a function of y/J that accommodates both monotonic
outer trends, characteristic of open-channel flow, and non-
monotonic ones, characteristic of closed-channel and pipe
flows, through the exponents p and ¢, thereby providing a
minimal yet flexible outer ingredient for global modeling. We
then embedded the fitted outer correction into a Cess-type an-
alytical framework by combining it with a van Driest near-
wall damping function, yielding an explicit full-depth eddy-
viscosity model, here referred to as the new global model.
The resulting model preserves the algebraic convenience of
classical Cess-type constructions while improving robustness
across configurations through the outer correction.

The impact of different eddy-viscosity representations on

mean-flow observables was assessed through (i) the loga-
rithmic indicator function = = y*du™/dy™, (ii) recon-
structed mean-velocity and velocity-defect profiles, and (iii)
skin friction. The present model yields the most pronounced
improvement in open-channel flow, where the outer eddy-
viscosity trend differs most strongly from those in closed-
channel and pipe flows, leading to better agreement in the
outer-region shear, velocity-defect profile, and friction pre-
diction. In closed-channel and pipe flows, the present model
produces results close to those of the classical Cess model,
indicating that the main benefit of the proposed modifica-
tion is to regularize the outer-region behavior across differ-
ent boundary conditions rather than to alter the overall scal-
ing in configurations where the classical Cess model already
performs well. The remaining discrepancies are primarily as-
sociated with the near-wall and logarithmic regions, reflect-
ing limitations of the current blending between the van Driest
damping and the outer correction within a single closed-form
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expression. Future improvements may therefore focus on re-
fining the near-wall damping or blending strategy while pre-
serving the present outer correction, which provides robust-
ness across closed-channel, open-channel, and pipe flows.
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