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We present three-dimensional lattice Boltzmann simulations of dilute suspensions containing porous
particles. The fluid flow around and inside a porous particle is described by the volume-averaged macro-
scopic equations in terms of intrinsic phase average. The energy dissipation of the suspended particle in a
Couette flow is calculated to obtain the relative viscosity of the suspension. Results show that the relative
viscosity of the suspension increases linearly with the particle volume fraction. A correlation equation is
obtained for the intrinsic viscosity as a function of Darcy number. It is found that when the suspension is
at the inertial flow regime, its intrinsic viscosity increases linearly with Reynolds number, and the
increasing rate depends on Darcy number.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction capable of handling complex moving boundary problems are also
Suspended solid particles in a fluid are ubiquitous in nature and
have wide applications in industry. Determining the rheology of a
particle suspension is important to control industrial flow pro-
cesses accurately [1]. The rheology of a suspension is usually char-
acterized by the relative viscosity gr , which is the ratio between
effective viscosity of a suspension and viscosity of the base fluid.
The first theoretical study to determine the relative viscosity may
date back to 1906, when Einstein derived the mathematical
expression gr ¼ 1þ h�gi/ for a dilute suspension containing spher-
ical particles [2]. Here, / is solid particle volume fraction, h�gi is
intrinsic viscosity and takes the value of h�gi ¼ 2:5. Afterwards, to
study a semi-dilute suspension that has higher particle volume
fraction, the relationship gr ¼ 1þ h�gi/þ h�gi1/2 þ � � �was proposed
in which higher order terms of / were included [3]. For a concen-
trated suspension that has even higher particle volume fraction of

/ > 25%, the relationship gr ¼ ð1� /=/mÞ�B/m was proposed so
that the relative viscosity would approach infinite when the parti-
cle volume fraction is approaching the densest possible packing
fraction /m [4]. In addition to suspensions of spherical particles,
research attentions are also drawn on non-spherical particles.
Examples include Jeffery’s analytical solution of relative viscosity
for suspensions of ellipsoidal particles that are prolate or oblate
[5]. Recently, with the tremendous increase in computational
capability, first-principle-based modeling techniques that are
adopted as an alternative strategy to determine the rheology of
suspensions [6–11]. The basic idea behind these numerical
approaches is to obtain the energy dissipation of the suspended
particle in a Couette flow through direct numerical simulation of
the flow field. For example, Lishchuk et al. [7] calculated the shear
viscosity of suspensions of spherical particles and reproduced both
the Einstein’s relation for low particle volume fraction and Krieger-
Dougherty’s relation for high particle volume fraction. Moreover,
these numerical approaches do not restrict the flow at low Rey-
nolds number (Re), which allows to investigate the dependence
of intrinsic viscosity on Re. For example, Kulkarni and Morris [8]
reported the relative viscosity of suspension of spherical particles
at 0:01 6 Re < 5. They showed that inertia can increase the particle
contribution to the effective viscosity of the suspension. Huang
et al. [11] found that for dilute prolate and oblate spheroidal sus-
pensions, the intrinsic viscosity changes linearly with Re at low-
Re regime and nonlinearly at high-Re regime.

The above studies focused on solid particles that are imperme-
able to fluid, while in real-world applications, porous particles that
are permeable to fluids are also frequently encountered, such as
core-shell like particles, catalyst clusters, encapsulated drugs, and
so on [12–14]. Efforts have been devoted to study the effect of per-
meability of the porous particle on the flow pattern and the
particle-fluid interactions [15,16]. For example, Masoud et al.
[15] theoretically investigated the dynamics of porous elliptical
particle in shear flow. They concluded that although the flow field
inside and around the particle significantly depends on the perme-
ability of the porous particle, the permeability has little effect on

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2017.09.060&domain=pdf
https://doi.org/10.1016/j.ijheatmasstransfer.2017.09.060
mailto:metzhao@ust.hk
https://doi.org/10.1016/j.ijheatmasstransfer.2017.09.060
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


970 A. Xu et al. / International Journal of Heat and Mass Transfer 116 (2018) 969–976
the rotational behavior of the porous particle. Later, Li et al. [16]
numerically investigated the dynamics of porous circular particle
in shear flow. They found Masoud et al.’s conclusion is only vali-
dated when the fluid inertia is negligible or the confinement effect
of the bounding walls is weak.

Although progress has been made on the research of suspen-
sions containing porous particles, to the best of our knowledge,
there is no investigation on its rheology with the aid of first-
principle-based modeling techniques. In this work, we present
three-dimensional lattice Boltzmann (LB) simulation of a dilute
suspension containing porous particle to determine the relative vis-
cosity. To describe the fluid flow around and inside a porous parti-
cle, the general volume-averaged conservation equations are
adopted [16–18]. When the fluid motion is sufficient slow, the
Darcy’s law [19] and the Brinkman-Debye-Bueche (BDB) equation
[20,21] can be recovered; when the flow Reynolds number is finite,
the inertial effect on the flow inside and around the porous particle
can be incorporated. More importantly, the continuity of both fluid
velocity and shear stress at the interface between the porous region
and the free flow is ensured through the incorporating of a second-
order viscous term in the volume-averaged macroscopic governing
equation. Here, the lattice Boltzmann (LB) method is chosen to
obtain the numerical solution due to its simplicity, accuracy, and
parallelism for simulating complex multiphase flows [22–24].

2. Numerical method

2.1. Volume-averaged macroscopic governing equations

The fluid flow around and inside the porous particle is described
by the volume-averaged equations in terms of intrinsic phase aver-
age proposed by Wang et al. [18], which is written as
e0; e1; e2; e3; e4; e5; e6; e7; e8; e9; e10; e11; e12; e13; e14; e15; e16; e17; e18½ �

¼ c

0 1 �1 0 0 0 0 1 �1 1 �1 1 �1 1 �1 0 0 0 0
0 0 0 1 �1 0 0 1 1 �1 �1 0 0 0 0 1 �1 1 �1
0 0 0 0 0 1 �1 0 0 0 0 1 1 �1 �1 1 1 �1 �1

2
64

3
75 ð6Þ
r � huf i f ¼ 0 ð1Þ

@huf i f
@t

þ huf i f � rhuf i f ¼ � 1
qf

rhpf i f þ mr2huf i f þ Fm ð2Þ

where qf is the fluid density and m is the fluid viscosity. uf and pf are
the local fluid velocity and pressure, respectively. Here, the intrinsic

phase average is defined as hwkik ¼ 1
Vk

R
Vk

wkdV , and the phase

average is defined as hwki ¼ 1
V

R
Vk

wkdV . Vk denotes the volume of

the k-phase within the representative volume V. wk is a quantity
associated with the k-phase. The subscript s and f represent solid
and fluid phase, respectively. The total body force Fm in Eq. (2) is
given by [18]

Fm ¼ � em
K

huf i f � husis
� �

� e2Feffiffiffiffi
K

p huf i f � husis
� �

huf i f � husis
��� ��� ð3Þ

where e is the porosity of the porous particle. The first and the sec-
ond terms on the right-hand side of Eq. (3) are the linear Darcy drag
and nonlinear Forchheimer drag due to the existence of porous
medium, respectively. Because the porous particle moves as a
rigid-body, its translational and rotational velocities does not
change after taking the intrinsic phase averaging. Then, the intrinsic
phase-average velocity of the solid particle husis is calculated as
husis ¼ us. The permeability K quantifies the ability of the porous
particle to transmit fluids. Fe is the geometric function and it is

given as Fe ¼ 1:75=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
150e3

p
following Ergun’s correlation. The por-

ous structure inside the particle is described by the permeability
K and the porosity e, which can be correlated via the relation

K ¼ e3d2
p= 150ð1� eÞ2
h i

to simplify the problem. Here, dp is the char-

acteristic diameter of filling grains within the porous particle. In the
limit of e! 0, the porous particle would reduce to an impermeable
particle; while in the limit of e! 1, the regime occupied by the por-
ous particle would be filled with fluid. The dimensionless numbers
characterize the system are the particle Reynolds number (Rep) and
Darcy number (Da), which are defined as

Rep ¼ CD2

m
; Da ¼ K

D2 ð4Þ

where C is the shear rate, and D is the diameter of the porous
particle.

2.2. Lattice Boltzmann model for volume-averaged equations

In LB method, to solve Eqs. (1) and (2), the evolution equation of
density distribution function can be written as

f iðxþ eidt; t þ dtÞ � f iðx; tÞ ¼ � f iðx; tÞ � f ðeqÞi ðx; tÞ
h i

þ dtFi;

ði ¼ 0;1; . . . ;18Þ ð5Þ

where f i is the density distribution function, t is the time, dt is the
time step, x is the fluid parcel position. ei is the discrete velocity
along the ith direction, and is given as
where c ¼ dx=dt is lattice constant, and c ¼ dx ¼ dt ¼ 1 is adopted in
this work. The equilibrium particle distribution function is

f ðeqÞi ðx; tÞ ¼ qfxi 1þ ei � huf i f
c2s

þ
ei � huf i f
� �2

2c4s
� jhuf i f j2

2c2s

2
64

3
75;

ði ¼ 0;1; . . . ;18Þ ð7Þ

where the weights are x0 ¼ 1=3; x1�6 ¼ 1=18; x7�18 ¼ 1=36, and
c2s ¼ 1=3c2 is the lattice sound speed. The forcing term is given
by [16]

Fi ¼ qfxi 1� 1
2s

� �
ei � Fm

c2s
þ ei � huf i f

c4s
ðei � FmÞ � huf i f � Fm

c2s

" #
;

ði ¼ 0;1; . . . ;18Þ ð8Þ

The macroscopic density q is calculated as

q ¼
X18
i¼0

f i ð9Þ

The macroscopic velocity huf i f is calculated as
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huf i f ¼ v

d0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2
0 þ d1jvj

q þ husis; qv ¼
X18
i¼0

eif i � qf husis ð10Þ

where v is the temporal variable. Two parameters d0 and d1 are
given as

d0 ¼ 1
2

1þ dt
2
em
K

� �
; d1 ¼ dt

2
e2Feffiffiffiffi
K

p ð11Þ
Fig. 1. Schematic drawing of the simulation settings.
2.3. Particle-resolved method for suspension

The translational and rotational motion of the particles are
determined by Newton’s second law and Euler’s second law,
respectively

Mp
dUðtÞ
dt

¼ FðtÞ ð12Þ

Ip � dXðtÞ
dt

þXðtÞ � Ip �XðtÞ� 	 ¼ TðtÞ ð13Þ

where Mp is the mass of the particle, and Ip is the inertial tensor of
the particle. To calculate the force and torque exerted on the parti-
cle by the fluid, the momentum-exchange method is adopted due to
its simplicity and robustness [25,26]. Specifically, the modified form
proposed by Wen et al. [27] is considered in this work to calculate
the total force F and torque T as

F ¼
X
xf

X
ibl

fþi ðxf ; tÞðei � uwÞ � f�iðxf ; t þ dtÞðe�i � uwÞ
� 	 ð14Þ

T ¼
X
xf

X
ibl

ðxw � xcÞ � fþi ðxf ; tÞðei � uwÞ � f�iðxf ; t þ dtÞðe�i � uwÞ
� 	

ð15Þ
where xf is the fluid node and uw is the velocity of the moving par-
ticle surface. fþi denotes the post-collision distribution function, and
f�i denotes the distribution function associated with the velocity
e�i ¼ �ei. It should be noted that at the particle’s surface, no special
treatment (such as interpolation of density distribution function) is
required as opposed to that for impermeable particles [26,28]. This
is because a second-order viscous term is already included in the
volume-averaged macroscopic governing equations to ensure the
continuity of both fluid velocity and shear stress at the interface.

2.4. Calculating relative viscosity

For a neutrally buoyant particle in Couette flow, the relative vis-
cosity of the suspension is calculated as

gr ¼
gs

gbf
¼ hri=C

qm
ð16Þ

where gs and gbf are effective viscosity of the suspension and vis-
cosity of the base fluid, respectively. In the simulations, the porous
particle is placed in the center of the simulation box as illustrated in
Fig. 1. The upper and lower walls move with speed U in opposite
directions. The velocity boundary condition is applied at these
boundaries, and the modified half-way bounce-back scheme pro-
posed by Ladd [29,30] is adopted to determine the distribution
function at the first and last layer of fluid nodes in the computa-
tional domain, which is written as f�iðxf ; t þ dtÞ ¼ fþi ðxf ; tÞ
�2xiqðxf Þ ei �uw

c2s
. Here, uw is the velocity of the moving wall. The dis-

tance between the twomoving walls is L ¼ Nz, thus the shear rate of
the Couette flow is C ¼ 2U=Nz. Following Huang et al.’s work [9],
the average shear stress hri can be obtained through averaging
the shear stress acting on the moving flat wall over time. Here,
the streamlines of the Couette flow are in x direction and the veloc-
ity gradient is in z direction, the shear stress at a fluid node is cal-

culated as r ¼ qmð@zuþ @xwÞ ¼ �ð1� 1
2sÞ
P18

i¼0 f i � f ðeqÞi

� �
eixeiz using

LB method, where u and w are the components of velocity vector
u in x and z directions, respectively.
3. Results and discussion

3.1. Validation I: Torque on the porous particle

We consider the three-dimensional problem of torque exerted
on a porous sphere. Previous analytical studies shown that at the
creeping flow regime, a porous sphere in a simple shear flow of
strength C experienced the same torque as the porous sphere
rotating with an angular velocity X ¼ C=2 in a quiescent fluid
[15,31]. Specifically, the torque is [31]

Ty ¼ �plxyD
3 b2 þ 3� 3b coth b

b2

 !
ey ð17Þ

where b ¼ 1=ð2
ffiffiffiffiffiffi
Da

p
Þ. Here, the component of the particle’s angular

velocity xy ¼ X ¼ C=2.
In the simulations, three mesh sizes Nx � Ny � Nz ¼ 80�

80� 80; 120� 120� 120 and 160� 160� 160 are adopted. The
diameter of the porous particle (D) is chosen so that the confine-
ment ratio is Nz=D ¼ 4. The density of the fluid and the density
of the particle are set the same, namely a neutrally buoyant porous
sphere is considered. Periodical boundary conditions are applied in
the x and y directions. For the case of the porous sphere in a simple
shear flow, the upper and lower walls move in opposite direction
with the same speed U ¼ CNz=2; for the case of the porous sphere
rotating with an angular velocity, the upper and lower walls are set
as stationary. The particle Reynolds number is set as Rep ¼ 0:01 to
ensure the system is at the creeping flow regime; the Darcy num-
ber is chosen between 10�1 and 10�6. From Fig. 2, we can see that
the simulation results agree with the analytical results in both the
scenarios. Moreover, the results demonstrate the grid convergence
of the numerical method, the confinement ratio of Nz=D ¼ 4 is ade-
quate to minimize the boundary effect, and 30 grids are adequate
to resolve the diameter of the porous spherical particle. In the fol-
lowing, unless otherwise mentioned, the computational mesh size
is chosen as Nx � Ny � Nz ¼ 160� 160� 160 and the diameter of
the particle is chosen between 30 and 40 lattice.



Fig. 2. Dimensionless torque as a function of the dimensionless permeability. (a) The particle is stationary in a simple shear flow; (b) the particle rotates in quiescent fluid.

Fig. 3. Streamlines for a freely rotating spherical particle in a simple shear flow (Rep ¼ 0:01), the slice shows the velocity of the fluid in horizontal direction.

1 For interpretation of color in Figs. 4 and 9, the reader is referred to the web
version of this article.
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3.2. Validation II: Relative viscosity of a suspension of impermeable
particle

In the limit of Da ! 0, the porous particle would reduce to an
impermeable solid particle. Fig. 3(a) shows the streamlines for a
freely rotating porous spherical particle in a simple shear flow at
Da ¼ 10�6. A small particle Reynolds number Rep ¼ 0:01 is chosen.
The diameter of the porous particle is D ¼ 40 lattice. We can see
that at this sufficiently small Darcy number, there is indeed no
streamlines penetrating the particle. In comparison, Fig. 3(b)
shows the streamlines for a freely rotating impermeable spherical
particle under the same scenario. The flow field around the imper-
meable particle is very similar with that for the porous particle
with Da ¼ 10�6. For interested readers, the implementation details
of simulating the motion of impermeable rigid particles in a vis-
cous fluid can be found in Ref. [28,32].

For the dilute suspensions of solid spherical particles that are
impermeable, the relative viscosity is given as gr ¼ 1þ 2:5/ fol-
lowing Einstein’s relation, as illustrated by the solid black line in
Fig. 4. The red1 circles in Fig. 4 represent the relative viscosity of
the suspension of porous spherical particle at Da ¼ 10�6. In the sim-
ulations, the mesh size is 160� 160� 160, the diameter of the por-
ous particle is varied between 30 and 40 lattice to adjust the particle
volume fraction, thus, the confinement ratio is Nz=D P 4 which can
avoid moving wall effect. Accordingly, the particle volume fraction is
below 1% and the suspension can be regarded as a dilute suspension.
To further decrease the confinement ratio so that suspension with
larger particle volume fraction can be simulated, the Lees-Edwards
boundary condition [33,34] may be adopted in future study. A linear
fit of the data (illustrated by the blue dash line) in Fig. 4 gives the
slope equals to 2.5583 with coefficients of determination as
0.9999, which indicates that the relative error for the calculation
of intrinsic viscosity is 2.3%.



Fig. 4. Relative viscosity of the suspension as a function of particle volume fraction
(Rep ¼ 0:01).

Fig. 5. Streamlines for a freely rotating porous spherical particle in simple shear
flow (Rep ¼ 0:01), the slice shows the velocity of the fluid in horizontal direction.
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3.3. Relative viscosity of a dilute suspension of porous particle

We first consider the suspension of porous particle at small
Reynolds number. The particle Reynolds number is chosen as
Rep ¼ 0:01 so that the inertia of the particle and the fluids can be
neglected. Fig. 5 shows the flow field inside and around the porous
particle at Da ¼ 10�1;10�2;10�3, and 10�4. The results demonstrate
that Darcy number has a strong influence on the flow pattern: the
porous particle with larger Darcy number allows more streamlines
to pass through, which is consistent with our intuition. At
Da ¼ 10�1 as shown in Fig. 5(a), we can clearly observe the pene-
tration of streamlines through the porous particle. On the other
hand, at small Darcy number, e.g., Da ¼ 10�4 shown in Fig. 5(d),
the streamlines within the porous particle are almost not affected
by the flow field around the porous particle, and are merely the
results of the particle’s rotation. To quantitatively describe the
effects of Darcy number on the flow pattern, we calculate the
dimensionless flow rate through the porous particle as
Qporous=Qpermeable and the dimensionless particle’s rotational angu-
lar velocity as x=C, as shown in Fig. 6. Here, the flow rate Qporous

is calculated as the average of velocity component u through the
x half-plane and only the top-half cross-section area is considered
due to the symmetry of the computational domain; Qpermeable

denotes the flow rate of the Couette flow through the same area.
The general trend agrees with that of 2D porous particle in shear
flow reported by Li et al. [16]. Fig. 7 further presents the pressure
Dp contours, where Dp ¼ ðp� p0Þ=ðq0U

2=2Þ and p0 ¼ c2sq0. We
can see that the torques produced by the shear stress are in oppo-
site directions and are in balance at the steady state. It is also found
that the pressure pattern is not affected by the Darcy number
except its maximum and minimum intensities.

For the dilute suspension of porous spherical particle, the rela-
tive viscosity as a function of particle volume fraction at different
Darcy numbers is shown in Fig. 8. Linear fits of the data give the
coefficient of determination above 0.9999 in all the cases, indicat-
ing that the relative viscosity increases linearly with the particle
volume fraction. Similar with the dilute suspension of imperme-
able spherical particles, here we propose that at small Reynolds
number, the relative viscosity of a dilute suspension of porous
spherical particles can be calculated as gr ¼ 1þ h�gðDaÞi/, where
h�gðDaÞi is the intrinsic viscosity of the suspension depending on
Darcy number.

We further discuss the intrinsic viscosity h�gðDaÞi. As shown in
Fig. 9, the red circles represent the intrinsic viscosity of the suspen-
sion at different Darcy numbers; the red dash dot line represents



Fig. 6. Dimensionless flow rate and rotational angular velocity for a freely rotating
porous spherical particle in simple shear flow (Rep ¼ 0:01).

Fig. 8. Relative viscosity of the suspension of porous particle as a function of
particle volume fraction (Rep ¼ 0:01).
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the intrinsic viscosity given by Einstein’s relation for suspension of
impermeable spherical particles, which is the limit for h�gðDaÞi
when Da ! 0. The results show that there exists a critical Darcy
number at Dac � 10�3 above which the relation between logðDaÞ
and h�gðDaÞi is linear, namely, h�gðDaÞi ¼ �0:9797 logðDaÞ � 0:8886
Fig. 7. Pressure Dp contours for a freely rotating porous
for 10�3 6 Da 6 10�1. Below this critical Darcy number, the rela-
tion between logðDaÞ and h�gðDaÞi can be described by a second-

degree polynomial fit, namely, h�gðDaÞi ¼ �0:1321 logðDaÞ½ �2�
spherical particle in simple shear flow (Rep ¼ 0:01).



Fig. 9. Intrinsic viscosity of the suspension of porous particle at different Darcy
numbers (Rep ¼ 0:01).

Fig. 10. Intrinsic viscosity of the suspension of porous particle as functions of
Reynolds numbers.

Table 1
Linear fits of the h�gi � Re curve for dilute suspensions of porous spherical particles.

Da h�g0i k Coefficient of determination

10�2 1.0636 0.0054 0.9993

10�3 1.9780 0.0149 0.9976

10�4 2.3343 0.0196 0.9911

10�5 2.4426 0.0213 0.9826

Fig. 11. Power-law dependence of the intrinsic viscosity as a function of Reynolds
number for porous particle with Da ¼ 10�5.
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1:2806 logðDaÞ � 0:6394 for 10�5 6 Da < 10�3. For both fits, the
coefficients of determination is above 0.99, indicating the proposed
scaling law is reliable.

We now consider the inertial effects on the intrinsic viscosity of
a suspension of porous particles. Fig. 10 shows the intrinsic viscos-
ity as a function of particle Reynolds number for the porous spher-
ical particles at different Darcy numbers. The intrinsic viscosity
h�gðDaÞi increases with Re, meaning that the suspension shows
shear thickening behavior. We propose the scaling law can be
described as h�gi ¼ h�g0i þ kRep, where k is the slope of h�gi � Rep
curve depending on Da. The values of k and coefficients of determi-
nation of the fits are given in Table 1. We can also verify that h�g0i is
very close to the proposed scaling law for h�gðDaÞi when neglecting
the inertia of the particle and the fluids. From Table 1, we can also
observe that the linear dependence decreases with the decreasing
of Darcy number. For example, the determination coefficient of the
linear fit is less than 0.99 when Da ¼ 10�5. Thus, it is more appro-
priate to approximate the h�gi � Rep relation with the power-law
relationship, as indicated in Fig. 11. At this sufficient small Darcy
number, the inertial effect on the viscosity of porous particle sus-
pensions agrees with that on the impermeable particle suspension,
which is h�gi / Re1:5p as reported by Lin et al. [35], Mikulencak and
Morris [36], and Subramanian and Koch [37].
4. Conclusions

In this work, we have presented three-dimensional lattice
Boltzmann simulation of shear viscosity of dilute suspensions con-
taining porous spherical particles. The fluid flow around and inside
the porous particle is described by the volume-averaged macro-
scopic equations in terms of intrinsic phase average. The present
method allows the analysis of Darcy number and the particle Rey-
nolds number effect on the relative viscosity. The main findings are
summarized as follows:

1. For a dilute suspension of porous spherical particles, the rela-
tive viscosity increases linearly with the particle volume
fraction.

2. When neglecting the inertia of the suspension, its intrinsic vis-
cosity only depends on the Darcy number: the intrinsic viscos-
ity and logðDaÞ changes linearly at high Da regime; while the
dependence of intrinsic viscosity and logðDaÞ can be described
by a second-degree polynomial at low Da regime.

3. When the suspension is at the inertial flow regime, its intrinsic
viscosity increases linearly with Reynolds number, and the
increasing rate depends on Darcy number.
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